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Abstract

The aim of this article is to understand the geometry of limit sets
in Anti-de Sitter space. We focus on a particular type of subgroups of
SO(2, n) called quasi-Fuchsian groups (which are holonomies of glob-
ally hyperbolic manifolds). We define a Lorentzian analogue of critical
exponent and Hausdorff dimension of the limit set. We show that they
are equal and bounded from above by the topological dimension of the
limit set. We also prove a rigidity result in dimension 3, which can be
understood as a Lorentzian version of a famous Theorem of R. Bowen
in the Hyperbolic case.
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1 Introduction

Given Γ a uniform lattice of SO(1, n), we wish to understand its deformations
in Lie groups containing SO(1, n). Deformations of Γ inside SO(1, n) are
well understood : they are parametrized by the Teichmüller space for n = 2
and they are trivial for n ≥ 3 by Mostow rigidity. We can consider three
naturals Lie groups which strictly contains SO(1, n) : SL(n+1), SO(1, n+1),
and SO(2, n). The three groups corresponds to three different geometries :
deformations in SL(n+ 1) are associated to Hilbert geometry, deformations
in SO(1, n + 1) are (higher dimensional) quasi-Fuchsian groups, and finally
deformations in SO(2, n) are associated to Anti-de Sitter geometry.

A way to understand how far these groups are from the original lattice in
SO(1, n) is to look at some conjugacy invariants associated to it. Let us dis-
tinguish two types of invariants, dynamical and geometric. One of the classic
dynamical invariants is the critical exponent which measures the growth of
orbits. The Hausdorff dimension of the limit set provides a meaningful geo-
metric invariant.

For deformations in SO(1, n + 1) these two invariants coincide and it is
known that this number is greater than n−1 with equality if and only if the
deformation is trivial [Bow79, Pan89, Yue96, Bou96]. For deformations in
SL(n+1), the known invariant is the critical exponent, and we have a similar
rigidity result with reverse inequality [Cra09]. In this paper, we define and
study the two invariants for deformations in SO(2, n).

1.1 Quasi-Fuchsian AdS groups

Let us give a brief description of the groups under study in this paper. More
details are given in section 2.
The Anti-de Sitter space AdSn+1 is {q = −1}, where q = −du2−dv2 +dx2

1 +
· · ·+ dx2

n is the standard (2, n) signature quadratic form on Rn+2, endowed
with the restrictions of q to tangent spaces.
As in any Lorentzian manifold, geodesics of AdSn+1 are classified in three
different types: spacelike geodesics (for which tangent vectors are positive),
timelike geodesics (negative tangent vectors) and lightlike geodesics (null
tangent vectors).
In this paper, we will mostly study spacelike geodesics, which behave more
like geodesics in Hyperbolic geometry.
Just as the hyperbolic space Hn+1 can be compactified by a sphere at in-
finity realized as the projectivization of the isotropic cone of Rn,1, we can
compactify AdSn+1 by adding the projectivized isotropic cone of Rn,2. We
will denote this boundary by ∂AdSn+1.
A subset Λ ⊂ ∂AdSn+1 is called acausal if any two different points of Λ can
be joined by a spacelike geodesic in AdSn+1.
A group Γ ⊂ SO(2, n) is called quasi-Fuchsian if it preserves an acausal
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subset Λ ⊂ ∂AdSn+1 which is a topological (n − 1)-sphere, and such that
the action of Γ on the convex hull of Λ is cocompact.
These groups are the natural equivalent of quasi-Fuchsian groups in hyper-
bolic geometry.

1.2 Critical exponent

We recall the classic definition of the critical exponent in metric spaces. Let
G be a countable group acting on a metric space (X, d), and o ∈ X. The
critical exponent δ(G,X) is

δ(G,X) := lim sup
R→∞

1

R
log Card{g ∈ G | d(go, o) ≤ R}.

This invariant is independent of o ∈ X thanks to the triangle inequality. It
measures the exponential growth rate of the orbit of G in X.
For example, by a simple argument of volume, we can see that the critical
exponent of a uniform lattice of SO(n, 1) acting on Hn is equal to n − 1.
More generally this applies to fundamental group of compact Riemannian
manifolds of negative curvature, where the critical exponent is equal to the
exponential growth rate of the volume of balls. For a more thorough treat-
ment we refer to the text of M. Peigné [Pei13] and F. Paulin [Pau97]
A famous theorem of R. Bowen [Bow79] in dimension 3 and Yue [Yue96] in
higher dimension shows that the critical exponent of a quasi-Fuchsian rep-
resentation in SO(1, n+ 1) is greater than n− 1 with equality if and only if
the deformation is trivial, that is the group preserves a totally geodesic copy
of Hn.

The main problem to define this invariant in AdS setting is that the AdS
is not a metric space: there is no SO(2, n) invariant distance on AdS.
Our primary work will be to define a good notion of distance on the convex
hull of a quasi-Fuchsian group, to define AdS critical exponent. This will be
done in section 3.1. If two points are on the same space-like geodesic then
their distance is defined to be the length on this geodesic (since its space-
like, the induced metric on this geodesic is Riemannian), else their distance
is defined to be 0. We call dAdS(·, ·) this function on C(Λ) × C(Λ) where
C(Λ) is the convex hull of the limit set.
With this definition of distance we then define the critical exponent for
quasi-Fuchsian groups by

δAdS(Γ) := lim sup
R→∞

1

R
log Card{γ ∈ Γ | dAdS(γo, o) ≤ R},

we will see that this definition does not depend on the choice of the base
point o ∈ C(Λ).
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1.3 Hausdorff dimension

The other invariant we want to generalize is the Hausdorff dimension of the
limit set. In the hyperbolic case, it is known since the work of S. J. Patterson
and D. Sullivan [Pat76, Sul79] that the Hausdorff dimension of the limit set
of a quasi-Fuchsian group is equal to the critical exponent. It provides a link
between the action of the group inside the Hyperbolic space and the fractal
geometry of the limit set.
An acausal sphere of ∂AdS can be seen as a graph of a Lipschitz function,
[MB12, Corollary 2.9], therefore its usual Hausdorff dimension is equal to
n − 1. Using the Lorenzian geometry of the boundary (which makes it
isometric to the de Sitter space dS) we define a new notion of Hausdorff
dimension, that we will denote by HdimdS, this will be done in Section 5.
We obtain our first main result

Theorem 1.1. Let Γ ⊂ SO(2, n) be a quasi-Fuchsian group. Then

δAdS(Γ) = HdimdS(ΛΓ).

As a corollary of this theorem we find the upper bound on the critical
exponent namely δAdS(Γ) ≤ n− 1.

1.4 Patterson-Sullivan densities

The main tool in the proof is the construction of a conformal density, which
is a family of measures supported on the limit set indexed by points of the
convex hull.

Definition 1.2. A conformal density of dimension δ is a family of measures
(νx)x∈C(Λ) satisfying the following conditions:

1. ∀g ∈ Γ, g∗νx = νgx (where g∗ν(E) = ν(g−1E))

2. ∀x, y ∈ D, dνx
dνy

(ξ) = e−δβξ(x,y)

3. supp (νx) = Λ

We adapt a classical construction due to S.J. Patterson and D. Sullivan
[Pat76, Sul79] in the hyperbolic case and obtain a conformal density of di-
mension δAdS(Γ) in section 4. For a nice introduction of this theory we refer
to the lecture notes of J.-F. Quint [Qui06].
One of the important steps in order to identify δAdS(Γ) with the Hausdorff
dimension of Λ is that the measure of a Lorentzian ball of radius r behaves
like rδAdS(Γ) as r → 0. This is a consequence of a result known as the Shadow
Lemma (Theorem 4.5), proved in the hyperbolic case by Sullivan [Sul79].
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Theorem 1.3. Let ν be the Patterson-Sullivan density, and let x ∈ C. There
is c > 0 such that for all ξ ∈ Λ, r ∈ (0, 1), we have:

νx(Bx(ξ, r))

rδΓ
∈
[

1

c
, c

]
,

where Bx(ξ, r) is the Lorentzian ball on the boundary.

Thanks to the shadow lemma we also prove that the Patterson-Sullivan
measure is ergodic. We construct in the same manner a measure on the non-
wandering set of the unit tangent for the geodesic flow a finite, invariant,
ergodic measure: the Bowen-Margulis measure.

1.5 Rigidity

The second main result of this paper is the rigidity result that we obtain in
dimension 3.

Theorem 1.4. Let Γ ⊂ SO(2, 2) be a quasi-Fuchsian group :

δAdS(Γ) ≤ 1,

with equality if and only if Γ preserves a totally geodesic H2.

It is the analogue of R. Bowen’s Theorem [Bow79]. The proof of the
inequality mimics a classic method using comparison of the volume of large
balls, that we can found in [Kni95, Glo15b]. The main argument is to com-
pare two distances on the boundary of the convex core. This two distances
are the intrinsic and extrinsic distances coming from the AdS distance. We
prove a reverse inequality compared to the Riemannian case: the extrinsic
distance is greater than the intrinsic distance (up to a fixed additive con-
stant). This inequality on distances has to be proven only on 2-dimensional
Anti de Sitter space, where it follows by a simple computation.

The proof of the rigidity case uses the comparison of the two Patterson-
Sullivan measures coming from the intrinsic and extrinsic distances. We
show that if there is equality between the critical exponent of the intrinsic
and extrinsic metric then the measures should be equivalent. By a classical
remark using Bowen-Margulis measures, we show that the marked length
spectrum of the boundary of the convex core and of the ambient, quasi-
Fuchsian AdS3-manifold are equal. This ends the proof thanks to a easy
argument of two-dimensional hyperbolic geometry.

Remark: This result happens to be equivalent to a theorem of Bishop-
Steger [BS91] for the action of surface group acting on H2 ×H2. Indeed the
critical exponent is equal to the growth rate of periodic geodesics a quasi-
Fuchsian AdS3-manifolds. It is shown in [Glo15a] that this number is equal
to the invariant studied by C. Bishop and T. Steger. The proof we propose is
totally independent, and the version of this theorem in the paper (Theorem
6.5 ) is slightly stronger than the result of Bishop-Steger.
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1.6 Plan of the paper

We start by recalling some aspect of AdS geometry. We emphasize on the
differences and similarities between Anti-de Sitter space and the Hyperbolic
space.

It is followed by a collection of geometric facts about asymptotic geometry
for the distance dAdS. We review the usual concepts of shadows, radial
convergence, Busemann functions, and Gromov distances in our setting.

Section 4 is devoted to the construction and study of conformal densities.
In section 5, we define the Lorentzian Hausdorff dimension and prove

Theorem 1.1.
Finally, the last section is devoted to the proof of Theorem 1.4.

2 AdS geometry

In this section we introduce the Anti-de Sitter space AdSn and its properties.
A nice introduction to Anti-de Sitter geometry can be found in [BBZ07] for
AdS3, and in [MB12] for arbitrary dimension.

2.1 Models for AdS and its boundary

As stated in the introduction, the Anti de Sitter space AdSn+1 is q−1
2,n({−1}),

where q2,n = −du2 − dv2 + dx2
1 + · · · + dx2

n is the standard (2, n) signature
quadratic form on Rn+2, endowed with the restrictions of q to tangent spaces.
We denote by 〈· | ·〉 the corresponding bilinear form.
Since we want to compactify the Anti-de Sitter space, we will work with the
(double cover of the ) projective model. We view Sn+1 as the quotient of
Rn+2 \ {0} by positive homotheties. Note that the associated quotient map
Rn+2 \ {0} → Sn+1 is injective when restricted to AdSn+1 (which would not
have been the case if we had chosen to work with the projective space instead
of the sphere).

We define ∂AdSn+1 to be the quotient by positive homotheties of the
isotropic cone q−1

2,n({0}) \ {0}.
This is a conformal Lorentzian manifold, called the Einstein Universe

Einn (for some authors, this is a double cover of the Einstein Universe).
To define a topology on AdSn+1 = AdSn+1 ∪ ∂AdSn+1, we can em-

bed both spaces in Sn+1 through the quotient map defined above. This
topology makes AdSn+1 compact. A sequence (xi) in AdSn+1 converges to
ξ ∈ ∂AdSn+1 if and only if there is a sequence λi of positive numbers and a
point ξ0 on the half line ξ such that λixi → ξ0 in Rn+2.

The AdS3 case When n = 2 there is another convenient model, as AdS3 is
isometric to SL(2,R) endowed with a bi-invariant metric (its Killing form).
Indeed we can see R2,2 asM(2,R) endowed by the quadratic form q = −det.
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Then we can see SL(2,R) as the level {q = −1} endowed with the restriction
of q to tangent spaces. An isometry between AdS3 and SL2(R) is given by

R2,2 −→ M(2,R)

(x1, x2, x3, x4) 7−→
(
x1 − x3 −x2 + x4

x2 + x4 x1 + x3

)
.

Inner product for points of AdSn+1 Technically, a point ξ ∈ ∂AdSn+1

is a half line in Rn+2, however, given two points ξ, η ∈ ∂AdSn+1 (resp.
x ∈ ∂AdSn+1, x ∈ AdSn+1) we will use the notation 〈ξ | η〉 (resp. 〈ξ |x〉) as
we will only be interested in the sign of this number, which does not depend
on the choice of a point in the half line ξ.

With this convention, a point ξ ∈ ∂AdSn+1 satisfies 〈ξ | ξ〉 = 0.
We will also identify points of ∂AdSn+1 with points in Rn+2 whenever

the formula does not depend on the choice of a point in the half line (e.g.
given x ∈ AdSn+1 and ξ ∈ ∂AdSn+1 such that 〈x | ξ〉 6= 0, the point 1

〈x | ξ〉ξ ∈
q−1

2,n({0}) does not depend on the choice of a point in the half line ξ).

2.2 Isometries of AdSn+1

The group of orientation preserving isometries of AdSn+1 is the group SO(2, n)
of linear transformations of Rn+2 preserving the quadratic form q2,n. It acts
transitively on AdSn+1.

The stabilizer of a point x ∈ AdSn+1 in SO(2, n) is isomorphic to SO(1, n).
For x0 = (1, 0, . . . , 0), the associated inclusion SO(1, n) ⊂ SO(2, n) corre-
sponds to the standard inclusion by block-diagonal matrices, so AdSn+1 can
be seen as the homogeneous space SO(2, n)/SO(1, n).

2.3 Geodesics

Definition 2.1. Geodesics are intersections of 2 dimensional plane in Rn+2

with AdSn+1.

This definition is equivalent to the classical notion of geodesics in pseudo-
Riemannian geometry, however this is the characterisation that will be of
interest to us.

Given two points x, y ∈ AdSn+1, there is a unique geodesic of AdSn+1

joining x and y (the intersection of AdSn+1 and the 2-plane in Rn+2 generated
by x and y).

As in any Lorentzian manifold, geodesics of AdSn+1 are classified in three
different types: spacelike geodesics (for which tangent vectors are positive
for q2,n), timelike geodesics (negative tangent vectors) and lightlike geodesics

7



(null tangent vectors).
The type of the geodesic joining x and y can be linked to the inner

product. It is:

• Spacelike if and only if 〈x | y〉 < −1,

• Lightlike if and only if 〈x | y〉 = −1,

• Timelike if and only if 〈x | y〉 ∈ (−1, 1].

Note that in particular two different points are not necessarily joined by a
geodesic.

Given two distinct points x, y ∈ AdSn+1, we will denote by (xy) the
geodesic passing through x and y.

The AdS3 case In the SL(2,R) model, the geodesics passing through Id
are exactly the 1-parameter subgroups. They are conjugate to the classical
1−parameter subgroups of SL(2,R) of Cartan decomposition.

• Space-like geodesics are conjugated to
(
et 0
0 e−t

)

• Light-like geodesics are conjugated to
(

1 x
0 1

)

• Time-like geodesics are conjugated to
(

cos(θ) sin(θ)
− sin(θ) cos(θ)

)
In other words, spacelike geodesics passing through Id are hyperbolic 1-
parameter groups, timelike geodesics passing through Id are elliptic 1-parameter
groups, and spacelike geodesics passing through Id are parabolic 1-parameter
groups.

The inner product can also be interpreted in terms of traces: if A,B ∈
SL(2,R), then 〈A |B〉 = −Tr(A−1B)

2 , which shows for instance that the
geodesic joining Id and A is spacelike if and only if Tr(A) > 2, which means
that the 1-parameter group generated by A is hyperbolic, and leads to the
same description of the types of geodesics in terms of 1-parameter groups.

Geodesics and ∂AdSn+1. Not all geodesics of AdSn+1 have endpoints on
∂AdSn+1. Conversely, not all pairs of points of ∂AdSn+1 can be joined by a
geodesic in AdSn+1. This is a major difference with hyperbolic geometry.
However, the situation is nicer if we restrict ourselves to spacelike geodesics.
Indeed, timelike geodesics are closed, so they never meet the boundary, and
lightlike geodesics meet the boundary at exactly one point.
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Given x ∈ AdSn+1 and ξ ∈ ∂AdSn+1, there is a spacelike geodesic passing
though x with endpoint ξ if and only if 〈x | ξ〉 < 0. In this case, we can find
a explicit paramatrization of this geodesic:

f(s) = cosh(s)x+ sinh(s)

(
ξ

|〈x | ξ〉|
− x
)

= e−sx+
sinh s

|〈x | ξ〉|
ξ.

We will denote by (xξ) this geodesic, and by [xξ) the half geodesic going
from x to ξ.

Given two points ξ, η ∈ ∂AdSn+1, there is a spacelike geodesic with
endpoints ξ and η if and only if 〈ξ | η〉 < 0.

2.4 Affine domains

One of the interesting properties of AdSn+1 is the duality between points
and hyperplanes.

Definition 2.2. Let x ∈ AdS. Its dual hyperplane is the set

x∗ := {y ∈ AdS | 〈x | y〉 = 0}.

The dual hyperplane x∗ is a totally geodesic embedded copy of Hn in
AdSn+1. Conversely, any totally geodesic embedded copy of Hn in AdSn+1

is equal to x∗ for a unique point x ∈ AdSn+1.

Definition 2.3. Let x ∈ AdSn+1. The affine domain associated to x is

U(x) = {y ∈ AdSn+1 | 〈x | y〉 < 0}.

The de Sitter domain associated to x is

∂U(x) = {ξ ∈ ∂AdSn+1 | 〈x | ξ〉 < 0}.

In order to understand why U(x) is called an affine domain, consider
x0 = (1, 0, . . . , 0) ∈ Rn+2.

The affine domain U(x0) consists of points (u, v, x1, . . . , xn) ∈ AdSn+1

such that u > 0. The map (u, v, x1, . . . , xn) 7→ ( vu ,
x1
u , . . . ,

xn
u ) maps U(x0)

to an open set V of Rn+1, and sends geodesics to affine lines in Rn+1.
More precisely, if we denote by q1,n the standard quadratic form of signa-

ture (1, n) on Rn+1, then V = q−1
1,n((−∞, 1)) is the interior of the hyperboloid

H = q−1
1,n({1}), which is the image of ∂U(x0) through the same map.
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Figure 1: Geodesics of AdS3 in an affine domain.

In this model, it is easy to understand why a pair of points of ∂AdSn+1

is not always joined by a geodesic in AdSn+1, this is because the interior of
the hyperboloid H is not convex (see Figure 2.4).

Note that a similar description of U(x) and ∂U(x) is valid for any point
x ∈ AdSn+1 (because the isometry group SO(2, n) acts transitively on AdSn+1).

2.5 The geometry of ∂AdSn+1

Given x ∈ AdSn+1, the de Sitter domain ∂U(x) = {ξ ∈ ∂AdSn+1 | 〈x | ξ〉 <
0} can be equipped with a canonical Lorentzian metric gx such that (∂U(x), gx)
is isometric to the de Sitter space dSn.

The de Sitter space is the Lorentzian analogue of the sphere (i.e. the
standard Lorentzian manifold of constant curvature 1). To define it, con-
sider the quadratic form 〈· | ·〉1,n of signature (1, n) on Rn+1, the de Sitter
space dSn is the level {v ∈ Rn+1|〈v | v〉1,n = 1} equipped with the restriction
of 〈· | ·〉1,n to its tangent spaces. Its isometry group is SO(1, n).

Considering the point x0 = (1, 0, . . . , 0) ∈ AdSn+1, we find a diffeomor-
phism ∂U(x0)→ dSn by sending the half line generated by (ξ0, . . . , ξn+1) to
( ξ1ξ0 , . . . ,

ξn+1

ξ0
). Pulling back the metric of dSn to ∂U(x0) yields a metric gx0
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whose isometry group is the stabilizer of x0 in SO(2, n).

Given any other point x ∈ AdSn+1, consider γ ∈ SO(2, n) such that
γ.x = x0. We then have γ.∂U(x) = ∂U(x0), and we can define a Lorentzian
metric gx on ∂U(x) as the pullback γ∗gx0 . It does not depend on the choice
of the element γ ∈ SO(2, n) because the metric gx0 is invariant under the
stabilizer of x0.

Note that the isometry group of (∂U(x), gx) is exactly Stab(x).

It is not possible to find a Lorentzian metric defined on the whole bound-
ary ∂AdSn+1 which is invariant under SO(2, n). However, there is an invari-
ant Lorentzian conformal structure. Indeed, the metrics defined on the de
Sitter domains define the same conformal class on their intersection. This
conformal Lorentzian manifold is called the Einstein Universe Einn (or a
double cover of the Einstein Universe for some authors), it is conformally
diffeomorphic to (S1 × Sn−1,−dθ2 + gSn−1) where dθ2 is the Riemannian
metric of length 2π on S1 and gSn−1 is the spherical metric on Sn−1.

2.6 Acausal sets, convex hulls and black domains

Definition 2.4. A subset Λ ⊂ ∂AdSn+1 is acausal if 〈ξ | η〉 < 0 for any two
distinct points ξ, η ∈ Λ.

This means that a set is acausal if any two points can be joined by a
spacelike geodesic in AdSn+1.
Note that an acausal set Λ is always included in the boundary of an affine
domain: choose two distinct points ξ, η ∈ Λ, and let x be any point on the
geodesic (ξη). A simple computation shows that Λ ⊂ ∂U(x). This allows us
to define the convex hull of Λ.

Definition 2.5. Let Λ ⊂ ∂AdSn+1 be an acausal set. We denote by C(Λ) ⊂
AdSn+1 the convex hull of Λ, computed in any affine domain containg Λ (it
does not depend on the choice of an affine domain).
We also let C(Λ) = C(Λ) ∩AdSn+1 = C(Λ) \ Λ.

Another important subset of AdSn+1 associated to Λ is its black domain
(or invisible domain).

Definition 2.6. Let Λ ⊂ ∂AdSn+1 be an acausal set. Its black domain is
E(Λ) = {x ∈ AdSn+1 | 〈x | ξ〉 < 0 ∀ξ ∈ Λ}

One can check that E(Λ) is convex, and that it contains C(Λ).

Lemma 2.7. If x ∈ E(Λ), then the dual hyperplane x∗ is disjoint from
C(Λ).
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Proof. It comes from the definition of the black domain E(Λ) that x∗ is
disjoint from Λ. The connected component of the complement of x∗ in
AdSn+1 that contains Λ is a convex set, so it must contain C(Λ), hence the
result.

2.7 AdS quasi-Fuchsian groups

Definition 2.8. A group Γ ⊂ SO(2, n) is called quasi-Fuchsian if it is dis-
crete, torsion-free, preserves a acausal set Λ which is homeomorphic to the
n− 1 sphere, and the action of Γ on C(Λ) is cocompact.

Remark: This definition is slightly different from the definition of [MB12].
Indeed, they ask that a quasi-Fuchsian group must be isomorphic to a uni-
form lattice in SO(1, n), which is not necessary for our work.

The acausal set Λ involved in the definition of a quasi-Fuchsian group Γ,
called the limit set, is unique because it is the closure of the set of attractive
fixed points on ∂AdSn+1 of elements of Γ.

Proposition 2.9 ([MB12]). If Γ ⊂ SO(2, n) is quasi-Fuchsian, then Γ is
Gromov-hyperbolic, and the action of Γ on Λ is topologically conjugate to the
action on its Gromov boundary ∂∞Γ.

In particular, the action of Γ on the set of triples of distinct points is
proper and cocompact, which will be of some use to us.

Elements of Γ have a north-south dynamic as any torsion free hyperbolic
group acting on its boundary. It is a consequence of [MB12, Proposition
6.6].

Proposition 2.10. If Γ ⊂ SO(2, n) is a quasi-Fuchsian group, then every
element γ ∈ Γ \ {Id} acts on Λ with exactly two fixed points: γ±. For every
ξ ∈ Λ \ {γ±}, we have limn→±∞ γ

nξ = γ±.

Definition 2.11. For every element γ ∈ Γ \ {Id} we call the spacelike
geodesic (γ−g+) the axis of γ.

Remark: In the language of Anosov representations [Lab06], the acausal-
ity condition is equivalent to the transversality of the limit maps. It is also
a natural requirement in Lorentzian geometry as it guarantees that the quo-
tient E(Λ)/Γ is globally hyperbolic (see subsection 2.9).

2.8 AdS Fuchsian groups and their deformations

The standard examples of quasi-Fuchsian groups are Fuchsian groups. Given
a point x ∈ AdSn+1, we have an injection ix : SO(1, n) ↪→ SO(2, n) given
by identifying SO(1, n) and the stabilizer of x in SO(2, n). Given a torsion
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free uniform lattice Γ0 ⊂ SO(1, n), we consider Γ = ix(Γ0). Such a group
is called Fuchsian, and it is the simplest example of a quasi-Fuchsian group.
Indeed, the group Γ preserves ∂x∗ ⊂ ∂AdSn+1 which is an acausal sphere.
The convex hull C(∂x∗) = x∗ is a totally geodesic copy of Hn in AdSn+1,
and the action of Γ on C(x∗) is conjugate to the action of Γ0 on Hn, which
is cocompact.

Note that a quasi-Fuchsian group Γ ⊂ SO(2, n) is Fuchsian if and only
if it preserves a totally geodesic copy of Hn. Indeed, if P ⊂ AdSn+1 is such
a hyperplane, there is a unique point x ∈ AdSn+1 such that P = x∗, and
Γ ⊂ Stab(x), i.e. Γ = ix(Γ0) for a certain group Γ0 ⊂ Hn. Furthermore, one
necessarily has Λ = ∂P (because Λ is the closure of attractive fixed points
of elements of Γ, and those fixed points lie on ∂x∗), hence C(Λ) = P . The
action of Γ on C(Λ) being cocompact, we see that Γ0 is a uniform lattice in
SO(1, n).

One can also consider deformations of Fuchsian groups, i.e. groups Γ =
ρ1(Γ0) where Γ0 ⊂ SO(1, n) is a uniform lattice and (ρt)t∈[0,1] is a continuous
path of representations with ρ0 = ix for some x ∈ AdSn+1.

Theorem 2.12. [Bar15] Deformations of Fuchsian groups are quasi-Fuchsian.

Non trivial deformations exist in any dimension, the standard construc-
tion being the so called bending deformations [JM87].

2.9 Spatially compact AdS manifolds

Quasi-Fuchsian groups of SO(2, n) correspond to holonomy representations
of geometric structures on some Lorentzian manifolds.

If Γ ⊂ SO(2, n) is quasi-Fuchsian, then Γ acts properly discontinuously
and freely on the black domain E(Λ) (furthermore, the black domain is the
largest open set of AdSn+1 on which the action is properly discontinuous)
[Mes07, B+08].

The quotient M = E(Λ)/Γ is a Lorentzian manifold of dimension n+ 1
locally isometric to AdSn+1, so it has constant sectional curvature −1. One
of the important properties of M is that it is globally hyperbolic: there is a
hypersurface Σ ⊂M that meets every inextensible causal curve exactly once
(a causal curve is a curve c : I ⊂ R → M such that gc(t)(ċ(t), ċ(t)) ≤ 0 and
ċ(t) 6= 0 for all t ∈ I, it is inextensible if it is not the reparametrization of a
curve defined on a larger interval). Such a hypersurface is called a Cauchy
hypersurface, an example is given by ∂+C(Λ)/Γ. Furthermore, it is spatially
compact: Cauchy hypersurfaces are compact.
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Conversely, given a spatially compact Lorentzian manifold Mn+1 of con-
stant curvature−1, one can consider its holonomy representation ρ : π1(M)→
SO(2, n) (indeed, a Lorentzian manifold of constant curvature −1 possesses
a (G,X)-structure, where G = SO(2, n) and X = AdSn+1). If π1(M) is Gro-
mov hyperbolic, then Γ = ρ(π1(M)) is quasi-Fuchsian. Assuming that M is
maximal (i.e. cannot be embedded in a larger Lorentzian manifold with the
same properties), the group Γ characterizesM up to isometry [Mes07, B+08].

One of the starting points in the study of spatially compact Lorentzian
manifolds of curvature −1 is the following theorem of Mess, which gives
a characterization of quasi-Fuchsian subgroups of SO(2, 2) in terms of the
exceptionnal isomorphism SO◦(2, 2) ≈ PSL(2,R)× PSL(2,R).

Theorem 2.13 ([Mes07, B+08]). A group Γ ⊂ SO◦(2, 2) ≈ PSL(2,R) ×
PSL(2,R) is quasi-Fuchsian if and only if there is a closed surface S of
genus g ≥ 2, and two hyperbolic metrics h1, h2 on S such that

Γ = {(ρ1(γ), ρ2(γ)) | γ ∈ π1(S)}

where ρ1, ρ2 : π1(S)→ PSL(2,R) are the holonomy representations of h1, h2.

This is a Lorentzian analogue of the Bers double uniformization theorem
[Ber72]. In this description of quasi-Fuchsian subgroups of SO(2, 2) (called
the Mess parametrization), Fuchsian groups correspond to pairs (ρ1, ρ2)
where ρ1 and ρ2 are conjugate in PSL(2,R) (i.e. they represent the same
point in the Teichmüller space of S).

3 Geometric toolbox

This section contains all the geometric lemmas that will be used in the rest
of the paper. We start by the definition of the Lorentzian distance in the
convex hull, d. It is by definition semi-definite and we prove that it satisfies a
triangle inequality up to fixed additive constant. We then study the geometry
of the limit set of Γ from the point of view of the distance d, in particular
we show that every limit points are radial limit points. Finally we define
the Gromov product and distance on the boundary as in the case of Gromov
hyperbolic spaces and study their properties.

3.1 Triangle inequality

Definition 3.1. Given x, y ∈ C(Λ), we denote by d(x, y) the length of the
geodesic of AdSn+1 joining x and y if this geodesic is spacelike, and 0 if it is
causal.

14



Proposition 3.2. Let x, y ∈ C(Λ). Then x and y are joined by a space like
geodesic if and only if 〈x | y〉 < −1, moreover in that case

d(x, y) = Argcosh(|〈x | y〉|).

Proof. Since the action of SO(2, n) on spacelike geodesics of AdSn is transi-
tive, and both sides of the equality are invariant by this action, it is sufficient
to prove the formula for x = (0, 1, 0, ..., 0) and y = (0, cosh(t), sinh(t), 0, ..., 0).
Since the curve t→ (0, cosh(t), sinh(t), 0, ..., 0) is a space like geodesic of unit
speed, the result is clear.

Lemma 3.3. The function F : E(Λ)2 × C(Λ) → R defined by F (x, y, z) =
〈x|y〉

〈x|z〉〈z|y〉 extends to a continuous bounded function on E(Λ)
2 × C(Λ).

Proof. First, notice that F is well defined by Lemma 2.7 (x∗ is defined by
〈x|·〉 = 0).
In order to extend F to E(Λ)

2 × C(Λ), simply notice that the formula still
makes sense if x or y is in E(Λ) (but not for z ∈ Λ). As it is defined by
ratios of scalar products, it is continuous.
Let K ⊂ C(Λ) be a compact set such that Γ.K = C(Λ). Since F is Γ-
invariant, its values are all taken on the compact set E(Λ)

2 × K and F is
continuous, which shows that F is bounded.

Theorem 3.4 (Triangle inequality). There is a constant k > 0 such that
d(x, y) ≤ d(x, z) + d(z, y) + k for all x, y, z ∈ C(Λ).

Proof. If x and y are causally related, the inegality is automatic because
the left hand side is 0, so we can assume that x and y are separated by a
spacelike geodesic. This means that d(x, y) = Argcosh|〈x|y〉|.
First assume that x, y, z are pairwise joined by spacelike geodesics. Since
we have ln t ≤ Argcosht ≤ ln t + ln 2 for all t > 0, in order to show that
(x, y, z) 7→ d(x, y)− d(x, z)− d(z, y) is bounded from above, it is enough to
show that it is the case for (x, y, z) 7→ ln |〈x|y〉|

|〈x|z〉〈z|y〉| . This is true because of
Lemma 3.3.
Now assume that d(x, z) = d(y, z) = 0. We wish to show that d(x, y)
is bounded. Up to the action of Γ, it is enough to show this for z in a
compact fundamental domain K for the action on C(Λ). The points x, y
belong to the set J(K) = {p ∈ C(Λ)|∃q ∈ K d(p, q) = 0} which is compact.
Indeed, if pi ∈ J(K) goes to infinity, there is a sequence qi ∈ K such that
d(pi, qi) = 0. Up to a subsequence, we may assume thatand qi → q ∈ K
and pi → ξ ∈ Λ (i.e. λipi → ξ0 in Rn+2 for a sequence of positive numbers
λi → 0). By definition of d(pi, qi) = 0, we have |〈pi | qi〉| ≤ 1, hence 〈ξ0 | q〉 =
lim〈λipi | qi〉 = 0, which is absurd because of Lemma 2.7. It follows that
d(x, y) for x, y ∈ J(K) is bounded.
Finally assume that d(x, z) > 0 and d(y, z) = 0. Again, we can assume that
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z is in a compact fundamental domain K, and since y ∈ J(K) we see that y
also lies in a compact set. We now have to show that x 7→ d(x, y)−d(x, z) is
bounded on C(Λ). This is true because it extends to a continuous function
on C(Λ) (the Buseman function).

Definition 3.5. We will call Lorentzian ball or simply ball centred at x ∈
C(Λ) of radius R the set B(x,R) := {y ∈ C(Λ) | d(x, y) ≤ R}.

The previous Theorem shows that for all x, y ∈ C(Λ) for all R > 0 we
have B(x,R) ⊂ B(y,R+ d(x, y) + k).

Balls of radius 0 are cones and those of positive radius are hyperboloids
(more precisely they are the intersection of cones or hyperboloids with C(Λ).)

3.2 Limit set

Lemma 3.6. Two space like rays with the same endpoint are at bounded
distance.

Proof. The equation of the geodesic joining x to η is:

x(t) = e−tx− sinh t

〈x|η〉
η

The equation of the geodesic joining y to η is:

y(t) = e−ty − sinh t

〈y|η〉
η

If z ∈ [yη), we write z = y(t) for some t ≥ 0, and compute d(z, x(t)) =
Argcosh|〈z|x(t)〉| :

〈z|x(t)〉 = 〈e−tx− sinh t

〈x|η〉
η|e−ty − sinh t

〈y|η〉
η〉

= e−2t〈x|y〉 − e−t sinh t

(
〈x|η〉
〈y|η〉

+
〈x|η〉
〈y|η〉

)
Since K and Λ are compact, there is a constant ` > 0 such that |〈x|y〉| ≤ `

for all x, y ∈ K, and 〈x|η〉〈y|η〉 + 〈x|η〉
〈y|η〉 ≤ ` for all (x, y, η) ∈ K2 ×Λ. We find that

|〈z|x(t)〉| ≤ 2`, so by letting d = Argcosh2` we get d(z, [xη)) ≤ d.

We follow the usual definition of Buseman functions, in the hyperbolic
case they are deeply studied in [Bal85]

Definition 3.7. The Buseman function centred at ξ by ∀x, y ∈ E(Λ) is:

βξ(x, y) = ln

(
〈ξ |x〉
〈ξ | y〉

)
.
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Lemma 3.8.
lim
z→ξ

d(z, x)− d(z, y) = βξ(x, y).

Proof. Let ξ ∈ Λ, |〈ξ |x〉| 6= 0 since x ∈ D. Hence, if z → ξ ∈ Λ, then
|〈z |x〉| → ∞. The same applies for |〈z | y〉|. In particular implies that z is
space like related to x and y, and that

d(z, x)− d(z, y) = Argcosh(|〈z |x〉|)−Argcosh(|〈z | y〉|)

Hence

lim
z→ξ

d(z, x)− d(z, y) = lim
z→ξ

ln

(
|〈z |x〉|)
|〈z | y〉|

)
= ln

(
|〈ξ |x〉|
|〈ξ | y〉|

)
= βξ(x, y).

3.3 Shadows

Definition 3.9 (Shadows). Let x, y ∈ C(Λ), and r > 0. The shadow Sr(x, y)
is {ξ ∈ Λ | [x, ξ) ∩B(y, r) 6= ∅}, where B(y, r) is the Lorentzian ball.

Remark: This is slightly different from the usual definition of shadows
as we require that points in shadows lie on the limit set.

Lemma 3.10. [Qui06, Lemma 4.1] Let x, y ∈ C(Λ) and r > 0. For all
ξ ∈ Sr(x, y), one has:

d(x, y)− 2r − 2k ≤ βξ(x, y) ≤ d(x, y) + k.

Proof. Let x(t) be the geodesic such that x(0) = x and x(+∞) = ξ. By
definition of the shadow, there is t0 ≥ 0 such that d(y, x(t0)) < r.
Since x(+∞) = ξ, one has βξ(x, y) = limt→+∞ d(x, x(t))− d(y, x(t)).

d(y, x(t)) ≤ d(y, x(t0)) + d(x(t0), x(t)) + k

If t ≥ t0, one has d(x(t0), x(t)) = d(x, x(t))− d(x, x(t0)), hence

d(y, x(t)) ≤ r + d(x, x(t))− d(x, x(t0)) + k

d(x, x(t))− d(y, x(t)) ≥ d(x, x(t0))− r − k

However, d(x, x(t0)) ≥ d(x, y)− d(y, x(t0))− k, hence:
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d(x, x(t))− d(y, x(t)) ≥ d(x, y)− 2(r + k)

Letting t→ +∞ gives the left hand side of the desired inequality.
For the right hand side, simply notice that d(x, x(t))−d(y, x(t)) ≤ d(x, y)+k.

3.4 Radial convergence

Definition 3.11. A limit point ξ is said radial, if there exists a sequence
gi ∈ Γ and a point x such that gix converges to ξ and is at bounded distance
of one (any) space-like ray with endpoint ξ. In that case we say that the
sequence gix converges radially to ξ.

Lemma 3.12. If ξ is radial there exists a sequence γi ∈ Γ and a constant
L > 0 such that :

|βξ(x, γix)− d(x, γix)| ≤ L.

Proof. If ξ is radial, by definition there exists a sequence γi ∈ Γ, a point
x ∈ AdS and a constant L such that the sequence d(γix, [x, ξ)) ≤ L. This
means that ξ ∈ SL(x, γix). Conclude by Lemma 3.10.

Lemma 3.13. Let γ ∈ Γ where Γ is a quasi-Fuchsian AdS group. Then γ+

is radial.

Proof. For all point x on the axis of γ, the sequence γix converges radially
to γ+.

Lemma 3.14. Every limit point of a quasi-Fuchsian AdS group is radial.

Proof. This is due to the cocompactness of the action on the convex core. Let
x ∈ C(Λ) and ξ ∈ Λ. LetK be a compact fundamental domain for the action
of Γ on C(Λ). The geodesic ray [x, ξ) is cover by infinitely many translates of
K [MB12, Lemma 7.5], says giK. Then the sequence gix converges radially
to ξ.

Lemma 3.15. We choose an enumeration Γ = {γp : p ∈ N} of Γ.

Λ =
⋃
r>0

⋂
N∈N

⋃
p≥N

Sr(x, γp.x)

Proof. The fact that Λ ⊃
⋃
r>0

⋂
N∈N

⋃
p≥N Sr(x, γp.x) comes from the defi-

nition of shadows (they are subsets of Λ).
Let ξ ∈ Λ. We wish to find r > 0 such that ξ ∈

⋂
N∈N

⋃
p≥N Sr(x, γp.x),

i.e. such that there is an infinite number of elements γ ∈ Γ such that
ξ ∈ Sr(x, γ.x). For this, we choose a sequence gi ∈ Γ such that gi converges
radially to ξ. Let r > 0 be such that all gi.x are at distance at most r from
the half geodesic [xξ). We then have ξ ∈ Sr(x, gi.x) for all i ∈ N, hence the
result.
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3.5 Gromov distance

We denote by Λ(2) the pairs of distinct points of Λ.
The Gromov product of three points x, y, z ∈ C(Λ) is:

(x|y)z =
1

2
(d(x, z) + d(y, z)− d(x, y)).

It extends to a continuous function on Λ(2) × C(Λ), and we have ∀ξ, η ∈
Λ(2) ,∀x ∈ C(Λ):

(ξ|η)x =
1

2
Log
−2〈ξ|x〉〈x|η〉
〈ξ|η〉

.

Note that (ξ|η)x = 1
2(βξ(x, y) + βη(x, y)) for any y ∈ (ξη).

For x ∈ C(Λ) and ξ, η ∈ Λ(2), we set dx(ξ, η) = e−(ξ|η)x . The explicit formula
is:

dx(ξ, η) =

√
−〈ξ|η〉

2〈ξ|x〉〈x|η〉

Note that we always have dx(ξ, η) ≤ 1, and dx(ξ, η) = 1 if and only if
x ∈ (ξη). Indeed, if x ∈ C(Λ) and ξ, η ∈ Λ, then the affine subspace spanned
by x, ξ, η is a totally geodesic copy of H2, so this follows from the fact that
in H2, the distance dx is the half of the chordal distance, when x is seen as
the centre of the unit disk.

Remark that since for all y, z, x, x′, we have |(z, y)x−(z, y)x′ | ≤ 2d(x, x′)+
2k the function dx and dx′ are bi-Lipschitz equivalent.

The function dx is symmetric and dx(ξ, η) = 0 ⇐⇒ ξ = η, however it is
not necessarily a distance. Just as for the Lorentzian distance on C(Λ), we
have a weak form of the triangle inequality which will be of some use.

Lemma 3.16. There is a constant λ ≥ 1 such that:

∀x ∈ C(Λ) ∀ξ, η, τ ∈ Λ dx(ξ, η) ≤ λ(dx(ξ, τ) + dx(τ, η))

Proof. It is enough to show the inequality when ξ, η, τ are pairwise distinct
(λ = 1 gives the inequality when it is not the case).

Consider the function F : (x, ξ, η, τ) 7→ dx(ξ,τ)+dx(τ,η)
dx(ξ,η) defined on C(Λ)×

Θ3(Λ) where Θ3(Λ) is the set of distinct triples of points of Λ. This function
is Γ-invariant, and the action of Γ on Θ3(Λ) is co-compact, so it is enough to
see that x 7→ F (x, ξ, η, τ) is bounded from below for fixed (ξ, η, τ) ∈ Θ3(Λ).
Assume that it is not the case, then one can find a sequence xk ∈ C(Λ) such
that F (xk, ξ, η, τ)→ 0. The expression of F is:

F (x, ξ, η, τ) =

√
〈ξ|τ〉〈η|x〉
〈ξ|η〉〈τ |x〉

+

√
〈η|τ〉〈ξ|x〉
〈ξ|η〉〈τ |x〉
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The fact that F (xk, ξ, η, τ) → 0 implies that xk → η (first term of F )
and xk → ξ (second term of F ). This is impossible because ξ 6= η.

Given x ∈ C(Λ) and ξ, η ∈ Λ, the quantity dx(ξ, η) can be computed
from the lenghts of the side of any triangle whose vertices are x, a point of
[xξ) and a point of [xη). We want to stress out that the following lemma
can be seen as a purely hyperbolic geometry result, since all the points are
on a unique H2 ⊂ AdSn.

Lemma 3.17. Let x, y, z ∈ C(Λ) and ξ, η ∈ Λ. If y ∈ [xη) and z ∈ [xξ),
then:

dx(ξ, η)2 =
cosh d(y, z)− cosh(d(x, y)− d(x, z))

2 sinh d(x, y) sinh d(x, z)
.

Proof. We denote by ξ(u) (resp. η(u)) the geodesic joining x and ξ (resp.
η). The equations are:

ξ(u) = e−ux− sinhu

〈x|ξ〉
ξ

η(u) = e−ux− sinhu

〈x|η〉
η

Since we have y = η(u) (where u = d(x, y)) and z = ξ(v) (where v =
d(x, z)), we find:

− cosh d(y, z) = 〈y|z〉

= 〈e−ux− sinhu

〈x|η〉
η|e−vx− sinh v

〈x|ξ〉
ξ〉

= −e−u−v − e−v sinhu− e−u sinh v + sinhu sinh v
〈ξ|η〉

〈ξ|x〉〈x|η〉
= − cosh(u− v)− 2dx(ξ, η)2 sinhu sinh v

Corollary 3.18. Let ξ ∈ Λ and r ∈ (0, 1). If y ∈ [xξ) is such that d(x, y) =
− ln r, then Bx(ξ, r) ⊂ Sln 6(x, y).

Proof. Let η ∈ Bx(ξ, r), and let z ∈ [xη) be such that d(x, z) = d(x, y) =
− ln r. We find cosh d(y, z) = 1+2(sinh d(x, y)dx(ξ, η))2 ≤ 3, hence d(y, z) ≤
Argcosh 3 ≤ ln 6, and η ∈ Sln 6(x, y).

Corollary 3.19. Let ξ ∈ Λ, r ∈ (0, 1) and t > 0. If y ∈ [xξ) is such that
d(x, y) = t+ k + ln 2

2 − ln r
4 , then St(x, y) ⊂ Bx(ξ, r).
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Proof. Let y ∈ [xξ) and η ∈ St(x, y). Given z ∈ [xη) such that d(z, y) < t,
we find:

dx(ξ, η)2 =
cosh d(y, z)− cosh(d(x, y)− d(x, z))

2 sinh d(x, y) sinh d(x, z)
<

et

sinh d(x, y) sinh d(x, z)

Since d(x, z) ≥ d(x, y)− t− k, we find that d(x, z) ≥ ln 2
2 , and d(x, y) ≥ ln 2

2 ,
hence sinh d(x, y) ≥ ed(x,y)

4 and sinh d(x, z) ≥ ed(x,z)

4 (here we use the fact
that u ≥ ln 2

2 implies sinhu ≥ eu

4 ). Finally,

dx(ξ, η)2 < 16et−d(x,y)−d(x,z) ≤ 16e2t+k−2d(x,y)

In order to have St(x, y) ⊂ Bx(ξ, r), it is enough to have 4et+
k
2 e−d(x,y) ≤ r,

which is guaranteed by the condition on d(x, y).

Note that radial convergence can be expressed in terms of the Gromov
distance dx.

Lemma 3.20. Let ξ ∈ Λ, and let γp be a sequence in Γ such that γp.x
converges radially to ξ. Denote by ηp ∈ Λ a point that is causally related in
∂AdSn+1 \∂x∗ to the endpoint of the half-geodesic based at x passing through
γp.x. Then the sequence ed(x,γp.x)dx(ξ, ηp) is bounded.

Proof. Let yp ∈ [xξ) be the point such that d(x, yp) = d(x, γp.x). Since γp.x
converges radially to ξ, we have that d(γp.x, yp) is bounded. Let zp be the
point on [xηp) such that d(x, zp) = d(x, γp.x).
We saw in the proof of Theorem 4.5 that γp.x is causally related to zp.
By Lemma 3.17, we see that ed(x,γp.x)dx(ξ, ηp) ≤ K

√
cosh d(yp, zp) for some

constant K. Since zp is causally related to γp.x, we also have that d(yp, zp)
is bounded, hence the result.

3.6 Cross-ratios

In the last section, we will use the following lemma proven by J-P. Otal
[Ota92] for Hadamard spaces. Recall that the cross ratio of four boundary
points is defined by

[a, b, c, d] :=
dx(a, c)dx(b, d)

dx(a, d)dx(b, c)
. (1)

It is independent of x. Indeed(
dx(a, c)dx(b, d)

dx(a, d)dx(b, c)

)2

=
−〈a | c〉
〈a |x〉〈c |x〉

−〈b | d〉
〈b |x〉〈d |x〉

〈a |x〉〈d |x〉
−〈a | d〉

〈b |x〉〈c |x〉
−〈b | c〉

=
〈a | c〉〈b | d〉
〈b | c〉〈a | d〉
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Lemma 3.21. Let γ ∈ Γ where Γ ⊂ SO(2, n) is a quasi-Fuchsian group.
If γ−, γ+ ∈ Λ are its repulsive and attractive fixed points, then for any ξ ∈
Λ \ {g±}:

[γ−, γ+, γ(ξ), ξ]AdS = e`AdS(γ).

Proof. By definition

[γ−, γ+, γ(ξ), ξ]2AdS =
〈γ− | γ(ξ)〉〈γ+ | ξ〉
〈γ+ | γ(ξ)〉〈γ− | ξ〉

Let P be the plane in R2,n such that P ∩AdS = (γ−, γ+). It is of signature
(+,−) and hence it’s orthogonal P⊥ satisfies P ⊕P⊥ = R2,n. It is clear from
the definition of βγ± that for x ∈ (γ−, γ+), we have

〈γ− | γ(x)〉
〈γ− |x〉

= eβγ− (γ(x),x) = e`AdS(γ).

〈γ+ |x〉
〈γ+ | γ(x)〉

= eβγ+ (x,γ(x)) = e`AdS(γ).

Let h ∈ P⊥ then
〈γ− | γ(x+ h)〉
〈γ− |x+ h〉

=
〈γ− | γ(x)〉
〈γ− |x〉

,

since γ preserve P⊥. Hence for all x ∈ R2,n we have

βγ−(γ(x), x) = `AdS(γ).

And by the same argument

βγ+(x, γ(x)) = `AdS(γ).

It follows by projectivizing that

〈γ− | γ(x)〉
〈γ− |x〉

=
〈γ− | γ(ξ)〉
〈γ− | ξ〉

= e`AdS(γ).

Therefore

[γ−, γ+, γ(ξ), ξ]2AdS = e2`AdS(γ)

The following lemma is an adaptation of a result in Bourdon [Bou96].

Lemma 3.22. Let ξ1, ξ2, η1, η2 ∈ Λ. The geodesics (ξ1ξ2) and (η1η2) inter-
sect if and only if [ξ1, η1, η2, ξ2] + [ξ1, η2, η1, ξ2] = 1.

22



Proof. If the geodesics intersect, the four points ξ1, ξ2, η1, η2 lay on the
boundary of a totally geodesic copy of H2, and it follows from the properties
of the usual cross-ratio on the circle that [ξ1, η1, η2, ξ2] + [ξ1, η2, η1, ξ2] = 1.
Now assume that [ξ1, η1, η2, ξ2] + [ξ1, η2, η1, ξ2] = 1. First, we will show that
there is a point x ∈ (ξ1ξ2) such that dx(ξ1, η1) = dx(ξ2, η2).
A point x ∈ (ξ1ξ2) can be written x = aξ1 + − 1

2a〈ξ1|ξ2〉ξ2 for some positive
real number a.
Let us compute dx(ξ1, η1) and dx(ξ2, η2).

〈x|ξ1〉 =
−1

2a
〈x|ξ2〉 = a〈ξ1|ξ2〉

〈x|η1〉 = a〈ξ1|η1〉 −
〈η1|ξ2〉

2a〈ξ1|ξ2〉

〈x|η2〉 = a〈ξ1|η2〉 −
〈η2|ξ2〉

2a〈ξ1|ξ2〉(
dx(ξ1, η1)

dx(ξ2, η2)

)2

=
〈ξ1|η1〉〈x|ξ2〉〈x|η2〉
〈x|ξ1〉〈x|η1〉〈ξ2|η2〉

=
〈ξ1|η1〉a〈ξ1|ξ2〉

(
a〈ξ1|η2〉 − 〈η2|ξ2〉

2a〈ξ1|ξ2〉

)
−1
2a

(
a〈ξ1|η1〉 − 〈η1|ξ2〉

2a〈ξ1|ξ2〉

)
〈ξ2|η2〉

=
−〈ξ1|η1〉〈ξ1|ξ2〉

2〈ξ2|η2〉
a4〈ξ1|η2〉 − a2 〈η2|ξ2〉

2〈ξ1|ξ2〉

a2〈ξ1|η1〉 − 〈η1|ξ2〉
2〈ξ1|ξ2〉

We see from this formula that dx(ξ1,η1)
dx(ξ2,η2) goes to 0 as a goes to 0, and to

+∞ as a goes to +∞, so by continuity it follows that there is a > 0 such
that this value is 1, i.e. there is x ∈ (ξ1ξ2) such that dx(ξ1, η1) = dx(ξ2, η2).

Notice that ξ1, ξ2, η1 lie in the boundary of a totally geodesic copy of H2.
It follows from the description of dx on the boundary of H2 and Pythagora’s
Theorem that dx(ξ1, η1)2 + dx(ξ2, η1)2 = 1. A similar formula is valid for η2,
which gives us dx(ξ1, η2) = dx(ξ2, η1).

The fact that [ξ1, η1, η2, ξ2] + [ξ1, η2, η1, ξ2] = 1 translates as:

dx(ξ1, η2)dx(η1, ξ2)

dx(ξ1, ξ2)dx(η1, η2)
+
dx(ξ1, η1)dx(η2, ξ2)

dx(ξ1, ξ2)dx(η1, η2)
= 1

We can rewrite this expression to compute dx(η1, η2):

dx(η1, η2) = dx(ξ1, η1)dx(η2, ξ2) + dx(ξ1, η2)dx(η1, ξ2)

= dx(ξ, η1)2 + dx(η1, ξ2)2

= 1
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This implies that x ∈ (ξ1ξ2) ∩ (η1η2), hence the result.

4 Conformal densities

In this section we define conformal densities and prove that the Patterson-
Sullivan construction with the Lorentzian distance d on C(Λ) gives one of
dimension δ(Γ), Proposition 4.3. Then we study the properties of conformal
densities and establish the so-called Shadow Lemma 4.5. We ends by proving
the uniqueness of conformal density, Theorem 4.16.

The proofs are generally similar to the hyperbolic case, up to taking care
of the additive constant k from the triangle inequality. However technical
difficulties sometimes appear due to the Lorentzian context, this is notably
the case for the Shadow lemma, and Vitali’s lemma for shadows.

We will mainly follow the notes of J.-F. Quint [Qui06]. Another reference
for this notion in Hyperbolic geometry is the book of P. Nicholls [Nic89].

Definition 4.1. A conformal density of dimension s is a family of measures
(νx)x∈C(Λ) satisfying the following conditions:

1. ∀g ∈ Γ, g∗νx = νgx (where g∗ν(E) = ν(g−1E))

2. ∀x, y ∈ D, dνx
dνy

(ξ) = e−sβξ(x,y)

3. supp (νx) = Λ

4.1 Existence of conformal densities

Let P be the Poincaré series associated to Γ :

P (s) =
∑
γ∈Γ

e−sd(γo,o).

As in the hyperbolic case, we don’t know in advance that P diverges at δ(Γ).
In order to solve this problem, S. J.Patterson proposed a modification of this
Poincaré series using an auxiliary function h

Lemma 4.2. [Pat76] Let
∑

n∈N a
−s
n be a Dirichlet series, of convergence

radius equal to δ. There exists an increasing function h : [0,∞[→ [0,∞[
such that :

• The radius of convergence of the series
∑
k(an)a−sn is δ. The series

diverges at δ.

• For all ε > 0 there exists y0 > 0 such that for all y > y0, x > 1 we
have :

h(y + x) < xεh(y).
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We called Q the modified Poincaré series :

Q(s) =
∑
γ∈Γ

h(d(γo, o))e−sd(γo,o).

We denote ∆x the Dirac mass at x. We consider the following family of
measures for every x ∈ C(Λ), s > δ:

µsx =

∑
γ∈Γ h(d(γo, x))e−sd(γo,x)∆γo

Q(s)
.

They admits converging subsequence as s → δ for weak topology, denoted
by µx. The usual remark also stands : there could a priori exist different
weak limit but we will see that it is in fact unique and will be called the
Patterson-Sullivan density.

Proposition 4.3. µx is a conformal density of dimension δ.

Proof. Let us show the invariance

g∗µsx(E) = µsx(g−1E)

=

∑
γ∈Γ h(d(γo, x))e−sd(γo,x)∆γo(g

−1E)

Q(s)

=

∑
γ∈Γ h(d(γo, x))e−sd(γo,x)∆gγo(E)

Q(s)

=

∑
γ′∈Γ h(d(γ′o, gx))e−sd(γ′o,gx)∆γ′o(E)

Q(s)

= µsgx(E).

By passing to the limit we obtain the invariance of µx by Γ.
Let ε > 0. Let N(ξ) ⊂ AdS be a neighborhood of ξ ∈ Λ, such that

|βξ(x, y)− (d(z, x)− d(z, y))| ≤ ε for z ∈ N(ξ). We have

µsx(Nξ) =
1

Q(s)

∑
γo∈N(ξ)

h(d(γo, x))e−sd(γo,x)

≤ 1

Q(s)
esεe−sβξ(x,y)

∑
γo∈N(ξ)

h(d(γo, x))e−sd(γo,y)

Patterson function h is increasing and d(γo, x) ≤ d(γo, y) +K hence

µsx(Nξ) ≤
1

Q(s)
esεe−sβξ(x,y)

∑
γo∈N(ξ)

h(d(γo, y) +K)e−sd(γo,y)
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By the second property of the Patterson function and the fact that d(γo, x)→
∞ as γo→ ξ we have :

µsx(Nξ) ≤
1

Q(s)
esεe−sβξ(x,y)eεK

∑
γo∈N(ξ)

h(d(γo, y))e−sd(γo,y)

≤ esεeεKe−sβξ(x,y)µsy(Nξ)

By letting ε→ 0 and s→ δ we get

dµx
dµy

(ξ) ≤ e−sβξ(x,y)

The same computation, switching the role of x and y gives the other inequal-
ity. Hence we obtain the quasi-conformal relation

dµx
dµy

(ξ) = e−sβξ(x,y) (2)

Since Q(s)→∞ as s→ δ, the support of µx is included in Λ. Moreover
from the quasi-conformal relation µx and µy have the same support. Recall
that the action of Γ on Λ is minimal, therefore thanks to the invariance by
Γ, this implies that the support is exactly Λ.

4.2 Properties of conformal densities

4.2.1 Atomic part

Proposition 4.4. Let νx be a conformal density, then for all x ∈ C(Λ), νx
has no atom.

Proof. Assume by contradiction that ∃ξ, νx(ξ) > 0. First, let us assume
there exists g ∈ Γ such that gξ = ξ. We have

νx(ξ) = νx(giξ)

= νg−ix(ξ)

= e−δβξ(g
−ix,x)νx(ξ)

As ξ is assume to be fixed by g we have βξ(g−ix, x) = βξ(x, g
ix), and then

limn→∞ e
−δβξ(g−ix,x) = +∞. Therefore we can assume that StabΓ(ξ) = Id,

νx(Λ) ≥
∑
g∈Γ

νx(gξ)

≥
∑
g∈Γ

e−δβξ(g
−1x,x)νx(ξ)

Every limit point is radial, hence we can find a sequence gi ∈ Γ such that
βξ(g

−1
i x, x)→∞ and therefore νx(Λ) = +∞. Contradiction.
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4.2.2 Shadow Lemma

Theorem 4.5 (Shadow lemma). Let ν be a conformal density of dimension
s, and x ∈ C(Λ). There is r0 > 0 such that, for all r > r0, there is C(r) > 0
satisfying:

1

C(r)
e−sd(x,γ.x) ≤ νx(Sr(x, γ.x)) ≤ C(r)e−sd(x,γ.x)

For this we follow the proof of J.-F. Quint [Qui06].

Lemma 4.6. [Qui06, Lemma 4.2] For any x ∈ C(Λ), we have:

sup{dx(ξ, η)|ξ, η ∈ Λ, ∃y ∈ C(Λ) ∩ J([xη)), ξ /∈ Sr(y, x)} −−−−→
r→+∞

0

Proof. Assume that the result is false, so we can find ε > 0, rk → +∞,
ηk ∈ Λ, yk ∈ C(Λ) with yk ∈ J([xηk)) and ξk /∈ Srk(yk, x) such that
dx(ξk, ηk) ≥ ε for all k ∈ N.
Since d(x, yk) ≥ rk, the sequence yk leaves every compact set of C(Λ), and
up to a subsequence, we may assume that there are ξ, η ∈ Λ such that ξk → ξ
and yk → η.
Note that one also has ηk → η (since a limit point of ηk has to be causally
related to η, and the limit set is acausal), hence dx(ξ, η) ≥ ε.

Let z be a point on the geodesic (ηξ) joining ξ with η. Since the geodesics
(ykξk) joining yk with ξk converge to (ηξ), for k sufficiently large, (ykξk)
interesects any neighbourhood of z, in particular B(x, d(x, z) + 1). However
for k large enough, one also has rk > d(x, z) + 1, wich implies that ξk ∈
Srk(yk, x). This is a contradiction.

Lemma 4.7. Let ν be a conformal density of dimension s, and x ∈ C(Λ).
There is ε > 0 such that:

∀ξ ∈ Λ, νx(Λ \Bx(ξ, ε)) ≥ ε.

Proof. By Proposition 4.4, the measure νx has no atoms. Let ξ ∈ Λ.
Since 0 = νx({ξ}) = limr→0 νx(Bx(ξ, r)), we can find rξ > 0 such that
νx(Bx(ξ, rξ)) < νx(Λ).

Let λ ≥ 1 be given by Lemma 3.16 (i.e. a multiplicative constant in the
triangle inequality for dx). Since Λ is compact, we can find ξ1, . . . , ξk ∈ Λ
such that Λ =

⋃k
i=1Bx(ξ, ri2λ), where ri = rξi . Let r = min ri

2λ . If ξ ∈ Λ,
there is i ∈ {1, . . . , k} with ξ ∈ B(ξi,

ri
2λ), which implies Bx(ξ, r) ⊂ Bx(ξi, ri).

By letting α = mini νx(Λ) − νx(Bx(ξi, ri)), we see that ε = min(r, α)
fulfils the requirements.
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Proof of Theorem 4.5. Let r > 0 and γ ∈ Γ.

νx(Sr(x, γ.x)) = νx(γSr(γ
−1.x, x))

= νγ−1.x(Sr(γ
−1.x, x))

=

∫
Sr(γ−1.x,x)

e−sbξ(γ
−1.x,x)dνx(ξ)

If s ≥ 0, Lemma 3.10 now implies that:

νx(Sr(γ
−1.x, x))e−ske−sd(x,γ.x) ≤ νx(Sr(x, γ.x)) ≤ νx(Λ)e2s(r+k)e−sd(x,γ.x)

If s < 0, we get:

νx(Sr(γ
−1.x, x))e−2s(r+k)e−sd(x,γ.x) ≤ νx(Sr(x, γ.x)) ≤ νx(Λ)eske−sd(x,γ.x)

All we have left to show is that there are ε > 0 and r0 > 0 such that
νx(Sr(γ

−1.x, x)) ≥ ε for all r > r0 and γ ∈ Γ.
Let ε > 0 be given by Lemma 4.7. By Lemma 4.6, there is r0 ≥ 0 such that,
for all r ≥ r0, one has:

sup{dx(ξ, η)|ξ, η ∈ Λ,∃y ∈ C(Λ) ∩ J([xη)), ξ /∈ Sr(y, x)} ≤ ε (3)

Let γ ∈ Γ, and denote by τ ∈ ∂AdSn+1 the endpoint of the geodesic going
from x to γ−1.x. Denote by η a point of Λ wich is in the future or past of
τ in ∂AdSn+1 \ ∂x∗ (such a point exists because Λ is a Cauchy hypersurface
in ∂AdSn+1 \ ∂x∗. By letting z ∈ [xη) be the point such that d(x, z) =
d(x, γ−1.x), we can compute 〈z|γ−1.x〉. If t = d(x, γ−1.x) = d(x, z), we
have:

γ−1.x = e−tx− sinh t

〈x|τ〉
τ

z = e−tx− sinh t

〈x|η〉
η

This leads to:

〈z|γ−1.x〉 = 〈e−tx− sinh t

〈x|τ〉
τ |e−tx− sinh t

〈x|η〉
η〉

= e−2t〈x|x〉 − e−t sinh t
〈x|τ〉
〈x|τ〉

− e−t sinh t
〈x|η〉
〈x|η〉

+ (sinh t)2 〈τ |η〉
〈x|τ〉〈x|η〉

= −1 + (sinh t)2 〈τ |η〉
〈x|τ〉〈x|η〉

Since η and τ are causally related, we have (sinh t)2 〈τ |η〉
〈x|τ〉〈x|η〉 ≥ 0, hence

〈z|γ−1.x〉 ≥ −1, i.e. z and γ−1.x are causally related, and γ−1.x ∈ J([xη)).
The inequality 3 shows that Sr(γ−1.x, x) ⊃ Λ \ Bx(η, ε). Now recall that ε
was chosen such that νx(Λ \Bx(η, ε)) ≥ ε, wich concludes the proof.
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4.2.3 Shadow and balls

Using the convex cocompactness, we can generalise Theorem 4.5 to all shad-
ows.

Theorem 4.8. Let ν be a conformal density of dimension s, and let x ∈
C(Λ). There is r′0 > 0 such that for all r ≥ r′0, there is a constant C ′(r) > 0
satisfying:

1

C ′(r)
e−sd(x,y) ≤ νx(Sr(x, y)) ≤ C ′(r)e−sd(x,y)

for all y ∈ C(Λ).

Proof. Let r0 > 0 be given by Theorem 4.5. The action of Γ on C(Λ)
being compact, we can choose R > 0 such that the ball B(x,R) contains
a fundamental domain for the action on C(Λ). We will show that r′0 =
r0 + R + k and C ′(r) = max(C(r + R + k), C(r − R − k))es(R+k) fulfil the
requirements.
Let y ∈ C(Λ) and r > r′0. There is γ ∈ Γ such that γ−1.y ∈ B(x,R),
hence d(y, γ.x) < R. Let ξ ∈ Sr(x, y), and z ∈ [xξ) such that d(y, z) < r.
We find d(γ.x, z) ≤ d(γ.x, y) + d(y, z) + k < R + r + k. It follows that
Sr(x, y) ⊂ Sr+R+k(x, γ.x).
A similar computation shows that Sr(x, y) ⊃ Sr−R−k(x, γ.x).
By Theorem 4.5, we get:

νx(Sr−R−k(x, γ.x)) ≤ νx(Sr(x, y)) ≤ νx(Sr+R+k(x, γ.x))

1

C(r −R− k)
e−δΓd(x,γ.x) ≤ νx(Sr(x, y)) ≤ C(r +R+ k)e−δΓd(x,γ.x)

We also have d(x, γ.x) ≤ d(x, y) + d(y, γ.x) + k ≤ d(x, y) +R+ k, as well as
d(x, γ.x) ≥ d(x, y)−R− k. It follows that:

e−s(R+k)

C(r −R− k)
e−sd(x,y) ≤ νx(Sr(x, y)) ≤ es(R+k)C(r +R+ k)e−sd(x,y)

We follow Sullivan’s work [Sul79] and show that the Shadow Lemma
implies the following:

Theorem 4.9. Let ν be a conformal density of dimension s, and let x ∈
C(Λ). There is c > 0 such that for all ξ ∈ Λ, r ∈ (0, 1), we have:

νx(Bx(ξ, r))

rs
∈
[

1

c
, c

]
Proof. Let r′0 > 0 be given by Theorem 4.8, and t = max(r′0, ln 6).
Let ξ ∈ Λ and r ∈ (0, 1). According to Corollary 3.18, by letting y1 ∈ [xξ)
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be the point such that d(x, y1) = − ln r, we find Bx(ξ, r) ⊂ Sln 6(x, y1) ⊂
St(x, y1). By Theorem 4.8, we get νx(Bx(ξ, r)) ≤ C ′(t)e−sd(x,y1) = C ′(t)rs.
Now let y2 ∈ [xξ) be such that d(x, y2) = t + k + ln 2

2 − ln r
4 . According to

Corollary 3.19, we have the inclusion St(x, y2) ⊂ Bx(ξ, r). Theorem 4.8 now
gives us νx(Bx(ξ, r)) ≥ 1

C′(t)e
−sd(x,y2) ≥ 1

c r
s where c = C ′(t)es(t+k+ 5 ln 2

2
).

4.3 Uniqueness of conformal densities

4.3.1 Uniqueness of dimension

We follow the notes of Quint [Qui06] and adapt it to our setting.

Proposition 4.10. If there is a non trivial conformal density of dimension
s, then s ≥ δ(Γ).

Proof. Let ν be a non trivial conformal density of dimension s. First, note
that the left hand side of the inequality in the Shadow Lemma implies that
s ≥ 0: if it were not the case, the measure νx would be infinite.
Let C and r0 be given by Theorem 4.5, and let r ≥ r0. For i ∈ N, we set
Γi = {γ ∈ Γ|i ≤ d(x, γ.x) < i+ 1}, and ai the number of elements of Γi.
Let p be the cardinal of Z = {γ ∈ Γ|d(x, γ.x) ≤ 1 + 4(r+ k)}. We will show
that given ξ ∈ Λ and i ∈ N, there are at most p elements γ ∈ Γi such that
ξ ∈ Sr(x, γ.x).
Let γ, γ′ ∈ Γi be such that ξ ∈ Sr(x, γ.x) ∩ Sr(x, γ

′.x). There is y ∈ [xξ)
such that d(γ.x, y) ≤ r. Let us find an estimation for d(x, y):

d(x, y) ≤ d(x, γ.x) + d(γ.x, y) + k ≤ i+ 1 + r + k

d(x, y) ≥ d(x, γ.x)− d(y, γ.x)− k ≥ i− r − k

i− r − k ≤ d(x, y) ≤ i+ 1 + r + k

Similarly there is z ∈ [xξ) such that d(γ′.x, z) ≤ r and:

i− r − k ≤ d(x, z) ≤ i+ 1 + r + k

Since y and z lie in the same half geodesic [xξ), we see that

d(y, z) = ±(d(x, y)− d(x, z))

This shows that d(y, z) ≤ 1 + 2(r + k). Finally, we find:

d(γ.x, γ′.x) ≤ d(γ.x, y) + d(y, z) + d(z, γ′.x) + 2k ≤ 1 + 4(r + k)

This means that γ−1γ′ ∈ Z, which shows the desired bound on the number
of such elements of Γi.
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νx(Λ) ≥ νx

 ⋃
γ∈Γi

Sr(x, γ.x)


≥ 1

p

∑
γ∈Γi

νx (Sr(x, γ.x))

≥ 1

pC

∑
γ∈Γi

e−sd(x,γ.x)

≥ 1

pC
e−s(i+1)ai

Let D = pCνx(Λ), so that we find ai ≤ Des(i+1) for all i, and :

1

i
ln(a0 + · · ·+ ai) ≤

1

i
ln(D(i+ 1)es(i+1)) −−−−→

i→+∞
s

Since δΓ = lim sup 1
i ln(a0 + · · ·+ ai), we find that s ≥ δΓ.

Knowing the fact that every point of Λ is conical, we can turn the in-
equality of Corollary 4.10 into an equality.

Proposition 4.11. If there is a conformal density of dimension s, then the
Poincaré series diverges at s.

Proof. We will use an enumeration Γ = {γp|p ∈ N}. By Lemma 3.15, we
have that:

Λ ⊂
⋃
r>0

⋂
N∈N

⋃
p≥N

Sr(x, γp.x) (4)

Assume that
∑+∞

p=0 e
−sd(x,γp.x) < +∞, and let ν be a conformal density of

dimension s.
Let r0 be given by Theorem 4.5, and let r ≥ r0 and C the associated con-
stant from the same theorem. Given ε > 0, we can find N ∈ N such that∑+∞

p=N e
−sd(x,γp.x) ≤ ε. By Theorem 4.5, we have that νx(Sr(x, γp.x)) ≤

Ce−sd(x,γp.x) for all p ∈ N, hence νx(
⋃
p≥N Sr(x, γp.x)) ≤ Cε. This implies

that νx(
⋂
N∈N

⋃
p≥N Sr(x, γp.x)) = 0.

If r ≤ r0, then Sr(x, γp.x) ⊂ Sr0(x, γp.x) for all p ∈ N, so we also find
νx(
⋂
N∈N

⋃
p≥N Sr(x, γp.x)) = 0.

Since the union over all r > 0 in 4 is increasing, it can be written as a count-
able union, and we find that νx(Λ) = 0, which is a contradiction. Therefore∑+∞

p=0 e
−sd(x,γp.x) = +∞.

Corollary 4.12. If there is a conformal density of dimension s, then s = δΓ.
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Proof. Corollary 4.10 gives us s ≥ δΓ, and Proposition 4.11 implies that
s ≤ δΓ.

Corollary 4.13. ∑
γ∈Γ

e−δΓd(x,γ.x) = +∞

Proof. This is a straightforward consequence of Proposition 4.11 and the
existence of the Patterson-Sullivan density which is of dimension δΓ.

4.3.2 Ergodicity

In order to show ergodicity we need to show the existence of density points
for shadows. Since it is classical in the hyperbolic setting and quite technical
we postpone the proof to the appendix. The proof in the hyperbolic case
can be found in [Nic89].

Lemma 4.14. ∀x ∈ C(Λ), ∀ε > 0, ∃R > 0, ∀y ∈ C(Λ),

νx(SR(x, y)) ≥ νx(Λ)− ε.

Proof. Let fix x ∈ C(Λ) and ε > 0. From Lemma 1.5 of Shadow’s Lemma,
there exists R sufficiently large such that for all ξ, η ∈ SR(x, y) we have
dx(ξ, η) ≤ ε. Hence Λ \SR(x, y) ⊂ Bx(ξ, ε). This implies by Lemma 1.6 that

νx(Λ \ SR(x, y)) ≤ νx(Bx(ξ, ε))

νx(Λ)− νx(SR(x, y)) ≤ ε

νx(SR(x, y)) ≥ νx(Λ)− ε.

Theorem 4.15. [Nic89, Corollary 5.2.4] A conformal density is ergodic.

Proof. Let νx be a conformal density. Let A be a Γ-invariant subset of Λ.
Suppose that ν(A) > 0 and let ξ ∈ A be a density point and γnx be a radial
sequence converging to ξ, such that

lim
n→∞

νx(SR(x, γnx) ∩A)

νx(SR(x, gnx))
= 1.

Remark that for any borelian E ⊂ Λ and element γ ∈ Γ we have

νx(γ−1E) = νγx(E)

=

∫
E
e−βξ(γx,x)dνx(ξ)

Applying this to SR(γ−1
n x, x) ∩A = γ−1

n

(
SR(x, γnx) ∩A

)
we have
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νx(SR(γ−1
n x, x) ∩A) =

∫
SR(x,γnx)∩A

e−βξ(γnx,x)dνx(ξ).

For all ξ ∈ SR(x, γnx) it follows from Lemma 1.4 Shadow Lemma, that
there exists C > 0

d(x, γnx)− C ≤ −βξ(γnx, x) = βξ(x, γnx) ≤ d(x, γnx) + C.

Hence

νx(SR(γ−1
n x, x) ∩A)

νx(SR(γ−1
n x, x))

= 1−

∫
SR(x,γnx)∩Ac e

−βξ(γnx)dνx(ξ)∫
SR(γ−1

n x,x) e
−βξ(γnx)dµx(ξ)

≥ 1− eCed(γnx,x)

e−Ced(γnx,x)

∫
SR(x,γnx)∩Ac dνx(ξ)∫
SR(x,γnx) dµo(ξ)

≥ 1−K

∫
SR(x,γnx)∩Ac dνx(ξ)∫
SR(x,γnx) dνx(ξ)

≥ 1−Kνx(SR(x, γnx) ∩Ac)
νx(SR(x, γnx))

.

Since ξ is a density point for all ε > 0, there exists n sufficiently large
such that

νx(SR(x, γnx) ∩Ac)
νx(SR(x, γnx))

≤ ε.

It follows that

νx(SR(γ−1
n x, x) ∩A)

νx(SR(γ−1
n x, x))

≥ 1−Kε. (5)

Finally, from Lemma 4.14 there exists R sufficiently large such that for
all γn

νx(SR(γ−1
n x, x)) ≥ νx(Λ)− ε.

Putting everything together we have

νx(A) ≥ νx(SR(γ−1
n x, x) ∩A)

≥ (1−Kε)νx(SR(γ−1
n x, x)) From (Eq.5)

≥ (1−Kε)(νx(Λ)− ε).

Since ε is arbitrary, we have νx(A) = νx(Λ), this shows the ergodicity of
ν.

Proposition 4.16. The Patterson-Sullivan density is the only conformal
density up to a multiplicative constant.
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Proof. Let ν be the Patterson-Sullivan density, and let ν ′ be another confor-
mal density. We know from Corollary 4.12, we know that the dimension of
ν ′ is δΓ. It follows that ν+ν ′ is also a conformal density of dimension δ. The
measure νx is absolutely continous with respect to νx + ν ′x, so they differ by
a density function. Since these measures are both conformal measures, this
function is invariant under Γ. It follows from the ergodicity that this func-
tion is constant νx + ν ′x-almost everywhere (the constant being independant
of x), so ν and ν + ν ′ are proportional, hence the proportionality between ν
and ν ′.

5 Lorentzian Hausdorff dimension and measure

We introduce the concept of Lorentzian Hausdorff dimension, using the usual
definition in metric space to our case. This gives an invariant that we show to
be equal to the critical exponent, Theorem 5.3. Moreover using a comparison
with a Riemannian metric we show an inequality in every dimension : δ(Γ) ≤
n− 1.

5.1 General definitions

The Hausdorff dimension of a metric space reflects the number of balls of a
certain radius that are necessary to cover the set. In Lorentzian geometry,
we find an analogue notion, replacing Riemannian balls by hyperboloids.

Although we could define a notion of Lorentzian Hausdorff dimension
and measures in any Lorentzian manifold, dealing with this general setting
would be the source of many technical difficulties. Since the limit set of
a quasi-Fuchsian group of SO(2, n) is included in the de Sitter space, it is
enough for our purpose to deal with subsets of dSn.

If A ⊂ dSn, we set Hs,ε
dS(A) = inf{

∑
rsi |A ⊂

⋃
BdS(xi, ri), xi ∈ A, ri ≤ ε},

and Hs
dS(A) = limε→0 Hs,ε

dS(A) ∈ [0 ,+∞]. Finally, the Lorentzian Hausdorff
dimension of A is HdimdS(A) = inf{s|Hs

dS(A) = 0}.

Proposition 5.1. If A ⊂ dSn, then HdimdS(A) ≤ Hdimh(A), where Hdimh(A)
is the Hausdorff dimension with respect to any Riemannian metric h.

Proof. First, we see that there is a Riemannian metric h on dSn such that
dh(ξ, η) ≥ θ(ξ, η) for all ξ, η ∈ dSn. For this, we use the hyperboloid model
dSn = {(x0, . . . , xn) ∈ Rn+1 | − x2

0 + x2
1 + · · · + x2

n = 1}. If ξ, η ∈ dSn,
then θ(ξ, η) > 0 is equivalent to 〈ξ|η〉1,n < 1, and in this case we have
θ(ξ, η) = arccos(〈ξ|η〉1,n) = arccos(

1−〈ξ−η|ξ−η〉1,n
2 ) ≤

√
|〈ξ − η|ξ − η〉1,n|.

If we denote by 〈·|·〉E the Euclidean inner product on Rn+1, we find that√
|〈ξ − η|ξ − η〉1,n| ≤

√
〈ξ − η|ξ − η〉E for all ξ, η ∈ dSn (because 〈ξ − η|ξ −

η〉1,n ≥ 0), hence θ(ξ, η) ≤
√
〈ξ − η|ξ − η〉E . If h is the Riemannian metric

34



on dSn induced by the Euclidean metric of Rn+1, we finally get θ(ξ, η) ≤
dh(ξ, η).
From this, we deduce that B(ξ, r) ⊂ Bh(ξ, r) for all ξ ∈ dSn, r ≥ 0, where Bh
is the ball for the Riemannian metric h. From this we deduce that dimLH(A)
is smaller than the Hausdorff dimension for h, and the Hausdorff dimension
does not depend on the choice of a Riemannian metric.

5.2 The Lorentzian Hausdorff dimension of the limit set

Lemma 5.2 (Vitali for dx). Given a subset J ⊂ Λ and a bounded function
r : J → (0,+∞), there is a subset I ⊂ J such that:

• The balls Bx(ξ, r(ξ)) are disjoint for distinct points ξ ∈ I.

•
⋃
ξ∈J Bx(ξ, r(ξ)) ⊂

⋃
η∈I Bx(η, 5λ2r(η)).

Proof. Let R = supJ r, and consider Jn = {ξ ∈ J : 2−n−1R < r(ξ) ≤ 2−nR}
for any n ≥ 0, so that J is the disjoint unions of these subsets. Define
inductively subsets In, Hn of Jn by letting h0 = J0, and I0 ⊂ F0 be maximal
amongst the subsets A ⊂ H0 such that the balls Bx(ξ, r(ξ)) are disjoint for
distinct ξ ∈ A (such a subset exists by Zorn’s Lemma). Given I0, . . . , In, we
let Hn+1 = {ξ ∈ Fn : ∀η ∈ I0 ∪ · · · ∪ In Bx(ξ, r(ξ)) ∩ Bx(η, r(η)) = ∅}, and
choose Gn+1 maximal A ⊂ Hn+1 such that the balls Bx(ξ, r(ξ)) are disjoint
for distinct ξ ∈ A . Finally, let I =

⋃
n∈N In.

It follows from the construction of I that the considered balls are disjoint.
For the second point, let ξ ∈ J . For this purpose, consider n ∈ N such
that ξ ∈ Jn. There are two cases: either ξ /∈ Hn, in which case there is
η ∈ I0 ∪ · · · ∪ In ⊂ I satisfying Bx(ξ, r(ξ)) ∩ Bx(η, r(η)) 6= ∅, or ξ ∈ Hn,
in which case there is η ∈ In ⊂ I satisfying Bx(ξ, r(ξ)) ∩ Bx(η, r(η)) 6= ∅
(because of the maximality of In).
In both cases, we find η ∈ I0∪· · ·∪In such that Bx(ξ, r(ξ))∩Bx(η, r(η)) 6= ∅.
Since r(η) > 2−n−1R and r(ξ) ≤ 2−nR, we have r(ξ) ≤ 2r(η), which implies
Bx(ξ, r(ξ)) ⊂ Bx(η, λ(2 + 3λ)r(η)) ⊂ Bx(η, 5λ2r(η)).

Theorem 5.3. δΓ = HdimdS(Λ)

Instead of working directly with the Lorentzian Hausdorff measures, we
will deal with the Hausdorff measures associated to dx, and use the same
notations Hs,ε

dx
, Hs

dx
and Hdimdx .

Since dx(ξ, η) = sin θx(ξ,η)
2 , we find that Hs,ε

dx
(A) = 2−sHs,ε

dS(A) for any mea-
surable set A, and Hdimdx(A) = HdimdS(A).

We prove successively the two inequalities.

Proposition 5.4. δΓ ≥ HdimdS(Λ)
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Proof. By Theorem 4.9, there is a constant c > 0 such that rδΓ ≤ cνx(Bx(ξ, r))
for all ξ ∈ Λ, r ∈ (0, 1).
Let ε > 0, and let ξ1, . . . , ξp be a finite set such that Λ ⊂

⋃
1≤i≤pBx(ξi,

ε
5λ2 ).

By Lemma 5.2, we can find a subset J ⊂ {1, . . . , p} such that Λ ⊂
⋃
i∈J Bx(ξi, ε)

and the balls Bx(ξi,
ε

5λ2 ) for i ∈ J are pairwise disjoint.
It follows that HδΓ,ε

dx
(Λ) ≤

∑
i∈J ε

δΓ , hence:

HδΓ,ε
dx

(Λ) ≤ (5λ2)δΓc
∑
i∈J

νx(Bx(ξi,
ε

5λ2
))

≤ (5λ2)δΓcνx(Λ)

This shows that HδΓ
dx

(Λ) < +∞, and HdimdS(Λ) = Hdimdx(Λ) ≤ δΓ.

Proposition 5.5. δΓ ≤ HdimdS(Λ)

Proof. Let (ξi, ri) be a countable family of points of Λ and radii such that
Λ ⊂

⋃
Bx(ξi, ri). By Theorem 4.9, there is a constant c > 0 such that

νx(Bx(ξ, r)) ≤ crδΓ for all ξ ∈ Λ, r ∈ (0, 1). It follows that νx(Λ) ≤∑
νx(Bx(ξi, ri)) ≤ c

∑
rδΓi , hence HδΓ

dx
(Λ) ≥ νx(Λ)

c > 0, and HdimdS(Λ) =
Hdimdx(Λ) ≥ δΓ.

We obtain the announced inequality

Corollary 5.6. δΓ ≤ n− 1

5.3 Lorentzian Hausdorff measure and the Patterson-Sullivan
density

The estimates on the Hausdorff measure of Λ can actually be carried to any
subset of Λ, hence giving absolute continuity between the Hausdorff measure
and the Patterson-Sullivan measure.

Theorem 5.7. Let ν denote the Patterson-Sullivan density. For all x ∈
C(Λ), there is α > 0 such that 1

αHδΓ
dS(E) ≤ νx(E) ≤ αHδΓ

dS(E) for all mea-
surable subset E ⊂ Λ.

Proof. Let E ⊂ Λ be a measurable set.
We start with the left hand side inequality. Let ε > 0. Consider the open
cover E ⊂

⋃
ξ∈E Bx(ξ, ε

5λ2 ). By Lemma 5.2, we can find a (necessarily count-
able) subset J ⊂ E such that E ⊂

⋃
ξ∈J Bx(ξ, ε) and the balls Bx(ξ, ε

5λ2 ) for
ξ ∈ J are pairwise disjoint.
By Theorem 4.9, there is a constant c > 0 such that cνx(Bx(ξ, r)) ≥ rδΓ for
all ξ ∈ Λ, r ∈ (0, 1). Since HδΓ,ε

dx
(E) ≤

∑
ξ∈J ε

δΓ , we find:

HδΓ,ε
dx

(E) ≤ (5λ2)δΓc
∑
ξ∈J

νx(Bx(ξ,
ε

5λ2
))

≤ (5λ2)δΓcνx(E)
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Let us now deal with the right hand side inequality. Let (ξi, ri) be a
countable family of points of E and radii such that E ⊂

⋃
Bx(ξi, ri). By

Theorem 4.9, there is a constant c > 0 such that νx(Bx(ξ, r)) ≤ crδΓ for all
ξ ∈ Λ, r ∈ (0, 1). It follows that νx(E) ≤

∑
νx(Bx(ξi, ri)) ≤ c

∑
rδΓi , hence

HδΓ
dx

(E) ≥ νx(E)
c .

Combining these two inequalities, we get:

1

c(5λ2)δΓ
HδΓ
dx

(E) ≤ νx(E) ≤ cHδΓ
dx

(E)

6 Rigidity theorem in dimension 3

In this section we prove a rigidity theorem for the critical exponent in di-
mension 3. The proof is based on a comparison of the critical exponent
for Γ acting on the convex core and on its boundary. The proof is quite
similar to the Hyperbolic case where it can be found in [Glo15b]. We will
need the equivalent of the Bowen-Margulis measure on the non-wandering
set for the geodesic flow on C(Λ). We explain the construction and proves
the ergodicity of this measure in the first part, then comes the genuine proof
of rigidity.

As we said in the introduction, thanks to Mess parametrization of AdS
quasi-Fuchsian groups, this theorem is equivalent to a Theorem of C. Bishop
and T. Steger [BS91] for pair of Fuchsian representations acting on H2×H2.
The proof proposed here is totally independent and has a clear geometric
interpretation.

Moreover thanks to examples proposed in [Glo15a], we know the asymp-
totic behaviour of critical exponent when the two representations in Mess
parametrizations range over the product of Teichmüller spaces.

6.1 Bowen - Margulis measure

This measure has been first introduced by G. Margulis in [Mar69] and R.
Bowen in [Bow72]. A good introduction for the hyperbolic case can be found
in Chapter 8 of Nicholls’ book [Nic89] or in the book of T. Roblin [Rob03].

The geodesic current dµ(ξ, η) := dνx(ξ)dνx(η)

dx(ξ,η)−2δ(Γ) does not depend on the
point x. Indeed,

dνx(ξ)dνx(η)

dνy(ξ)dνy(η)
= e−δ(βξ(x,y)+βη(x,y))

And
dx(ξ, η)2

dy(ξ, η)2
=
−〈ξ|η〉
〈ξ|x〉〈x|η〉

〈ξ|y〉〈y|η〉
−〈ξ|η〉

=
〈ξ|y〉〈y|η〉
〈ξ|x〉〈x|η〉
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Finally from the definition of β we have :

〈ξ | y〉
〈ξ |x〉

= e−βξ(x,y).

〈η | y〉
〈η |x〉

= e−βη(x,y).

Hence
dx(ξ, η)2δ

dy(ξ, η)2δ
= e−δ(βξ(x,y)+βη(x,y)).

The same kind of computations shows that µ is also Γ-invariant.
We denote by v+ respectively v− the limit of the geodesic ray generated

by v resp. −v

Definition 6.1. The non-wandering set, denoted by N1C(Λ), is the subset
of T 1C(Λ) defined by

N1C(Λ) := {v ∈ T 1C(Λ) | v± ∈ Λ}.

This is homomorphic to Λ(2) × R. The action of the geodesic flow φt is
given by

φt(v) = φt(v
−, v+, s) = (v−, v+, t+ s).

Thanks to previous computations, we see that N1C(Λ) carries a measure,
invariant by Γ as well as by φt.

Definition 6.2. The following measure on N1C(Λ) ' Λ(2)×R is called the
Bowen-Margulis measure :

dm(v) :=
dνx(v−)dνx(+)dt

dx(v−, v+)−2δ(Γ)
.

It is invariant by Γ and φt.

In other words, let f : N1(C(Λ)) → R be a continuous function with
compact support, and let t → c(ξη)(t) be a parametrization of the AdS
geodesic (ξη). Then∫

N1C(Λ)
f(v)dm(v) :=

∫
Λ(2)

∫
R
f(c(ξη)(t))dtdµ(ξ, η).

We easily see in this formulation that it is invariant by the geodesic flow.
Remark that N1C(Λ) is invariant by Γ, and as a closed subset in T 1C(Λ),

N1C(Λ)/Γ is compact. The Bowen Margulis goes down to a φt-invariant
finite measure whose support is N1C(Λ)/Γ, still denoted by m.

Theorem 6.3. The Bowen Margulis measure is ergodic.
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Proof. Sincem is already a locally product measure, this is a straightforward
consequence of the so-called Hopf’s argument. Let us recall the proof. Let
f be a continuous function on N1C(Λ). We consider the Birkhoff means :

Φs
f (v) := lim

T→+∞

1

T

∫ T

0
f(φtv)dt.

Φu
f (v) := lim

T→+∞

1

T

∫ T

0
f(φ−tv)dt.

Thanks to Birkhoff ergodic theorem the functions Φu
f and Φs

f exist and are
equal almost everywhere. Clearly, Φu

f and Φs
f are invariant by the geodesic

flow. Moreover Φu
f is constant along unstable leaves of N1C(Λ) that is

W u(v) := {w = (v−, x, t) ∈ N1C(Λ) |x ∈ Λ\{v+}} and Φs
f is constant along

the stable leaves of N1C(Λ) that isW s(v) := {w = (x, v+, t) ∈ N1C(Λ) |x ∈
Λ \ {v−}}.

Now, since the measure is a product measure, it is a consequence of
Fubini that Φu

f and Φs
f are almost everywhere constant. This concludes the

proof.

6.2 Proof of inequality in Theorem 6.5

Remark concerning notations In this section we will have to make a
clear distinction between the different metrics, therefore we will add a sub-
script to the distance defined in 3.1 and write dAdS instead of d.
Let Γ ⊂ SO(2, 2) be a AdS3 quasi-Fuchsian group. The intrinsic distance
on a complete Γ-invariant Riemannian hypersurface Σ̃ will be denoted by
d

Σ̃
. The balls for dAdS will be denoted by BAdS(x,R) ⊂ C(Λ), the balls

for d
Σ̃

will be denoted by B
Σ̃

(x,R) ⊂ Σ̃. The Lorentzian shadows for the
metric dAds will be denoted by SAdS(x, y,R), the Riemannian shadows for
the metric d

Σ̃
will be denoted by S

Σ̃
(x, y,R).

To avoid multiplication of indices, we will write AdS instead of AdS3 in all
this section. We don’t use the dimension in the majority of the arguments,
in fact it is only used in two results. It is first used in the existence of a
Cauchy surface of entropy 1, (namely the boundary of the convex core). The
existence in higher dimension of a Cauchy surface of entropy n − 1 is not
known. The second times we use the dimension is when we computed and
compare length spectrum between Σ̃ and C(Λ)/Γ. This argument can in
fact be bypassed. Therefore, the rigidity in higher dimension is equivalent
to the existence of a Cauchy surface of entropy n− 1.

Let Σ̃ be a negatively curved, Cauchy surface, Γ invariant embedded disk
in C(Λ). We allow Σ̃ to be bend along geodesic lamination. It includes two
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basic examples: the boundaries of the convex core which are isometric to
H2, bend along laminations and the unique maximal surface.

Let V be a time-like vector field in E(Λ)/Γ, we still call V its lift to
E(Λ). For any x in C(Λ) we call f(x) the intersection of the integral curve
of V starting at x and Σ̃. This is well defined since Σ̃ is a Cauchy surface.

Let (φt) be the geodesic flow on T 1C(Λ). We may write φAdS
t if we

want to stress that it is the geodesic flow on AdS and similarly φΣ̃
t for the

geodesic flow on Σ̃. Let π : T 1C(Λ)→ C(Λ) denote the projection. For any
v ∈ T 1C(Λ) we define the following cocycle: a(v, t) = d

Σ̃
(f(πφt(v)), f(πv)).

It is subadditive:

a(v, t1 + t2) = d
Σ̃

(f(πφt1+t2(v)), f(πv))

≤ d
Σ̃

(f(πφt1+t2(v)), f(πφt1v)) + d
Σ̃

(f(πφt1(v)), f(πv))

≤ a(φt1v, t2) + a(v, t1)

Since a is Γ invariant it defines a subadditive cocycle on N1C(Λ)/Γ, still
denoted by a.

The following is a consequence of Kingman’s subadditive ergodic theorem

Theorem 6.4. [Kin68] Les µ be a φt invariant probability measure on N1C(Λ)/Γ.
Then

Iµ(Σ, v) := lim
t→∞

a(v, t)

t

exists for µ almost v ∈ N1C(Λ)/Γ and defines a µ-integrable function on
N1C(Λ)/Γ, invariant under the geodesic flow and we have :∫

N1C(Λ)/Γ
Iµ(Σ, v)dµ = lim

t→∞

∫
N1C(Λ)/Γ

a(v, t)

t
dµ.

Moreover if µ is ergodic Iµ(Σ, v) is constant µ-almost everywhere. In this
case, we write Iµ(Σ)

We will prove the following theorem which is a stronger form of the
rigidity theorem.

Theorem 6.5. Let h(Σ) be the volume entropy of Σ̃. Let δ(Γ) be the critical
exponent of Γ on AdS3. Finally let m be the Bowen-Margulis measure on
N1C(Λ)/Γ. Then

h(Σ)Im(Σ) ≥ δ(Γ), (6)

with equality if and only if the marked length spectra of Σ and M are pro-
portional and the proportionality constant is given by Im(Σ).

We obtain as a corollary the following rigidity theorem:

Corollary 6.6. δ(Γ) ≤ 1 with equality if and only if Γ is Fuchsian.
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In order to compare the distance on the Σ̃ and AdS we will need the
following proposition.

Proposition 6.7. Let Ω be a Γ-invariant open bounded convex set that con-
tains C(Λ), and denote by dH the Hilbert distance of Ω. There is a constant
L > 0 such that 1

LdH(x, y) ≤ dAdS(x, y) ≤ LdH(x, y) for all x, y ∈ ∂+C(Λ),
where ∂+C(Λ) is the future boundary of the convex core.

Proof. Recall that a Hilbert metric is a Finsler metric, where the geodesic
are affine lines [Cra11]. Denote by N the Finsler norm on TΩ associated to
the Hilbert metric.
Given x ∈ C(Λ) and v ∈ TxAdSn+1, we denote by v± ∈ ∂C(Λ) the intersec-
tions of ∂C(Λ) ⊂ AdSn+1 with the geodesic generated by v. Remark that,
from the definition, v± does not necessary belong to the boundary of AdS.
Let V = {v ∈ TAdSn+1 : N(v) = 1, v± ∈ ∂+C(Λ) ∪ Λ}.
First, notice that V is Γ-invariant. Let us show that the action of Γ on V
is cocompact. Let K ⊂ C(Λ) be a compact set such that Γ.K = C(Λ), and
let VK = {v ∈ V : v ∈ TxAdSn+1, x ∈ K}. Since the maps v± are continu-
ous, it follows that VK is a closed subset of the unit tangent bundle over K,
therefore is compact. Since Γ.VK = V , it follows that the action of Γ on V
is cocompact.
As a consequence, the Γ-invariant function 〈v|v〉 is bounded, and bounded
away from 0 (any vector in V is spacelike because ∂+C(Λ) is a Cauchy hy-
persurface): let L > 0 be such that 1

L2 ≤ 〈v|v〉 ≤ L2 for all v ∈ V .
Let x, y ∈ Σ̃. Denote by x(t) the geodesic going from x to y, so that
dAdS(x, y) =

∫ 1
0

√
〈ẋ(t)|ẋ(t)〉dt and dH(x, y) =

∫ 1
0 N(ẋ(t))dt. The tangent

vectors ẋ(t) are multiples of vectors of V , hence N(ẋ(t))
L ≤

√
〈ẋ(t)|ẋ(t)〉 ≤

LN(ẋ(t)). Integrating this inequality yields the proposition.

Examples of such sets Ω are ε-neighbourhoods of C(Λ) (given ε > 0, it is
the set of points that can be joined by a timelike geodesic of length less than
ε to a point of C(Λ)), or the whole black domain (except in the Fuchsian
case).

Proposition 6.8. The function f : C(Λ) → Σ̃ is a quasi-isometry, quasi
1-Lipschitz ie : ∃K1 > 1 , K2 > 0, ∀x, y ∈ C(Λ) :

1

K1
dAdS(x, y)−K1 ≤ dΣ̃

(f(x), f(y)) ≤ dAdS(x, y) +K2.

Proof. First remark that we can suppose that x, y ∈ Σ̃. Indeed if x, y ∈
C(Λ), since dAdS(x, f(x)) = dAdS(y, f(y)) = 0 then dAdS(x, y) − 2k ≤
dAdS(f(x), f(y)) ≤ dAdS(x, y) + 2k where k > 0 is given by the triangle
inequality 3.4.
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Let us prove the left inequality. The group Γ acts properly discontinu-
ously and cocompactly on Σ̃ as well as on the neighbourhood of C(Λ) as de-
fined in Proposition 6.7. Hence by Svarc-Milnor lemma, Σ̃ is quasi-isometric
to this neighbourhood of C(Λ), which is by Proposition 6.7 Lipschitz equiv-
alent at the AdS distance.

We now prove the right inequality. If x, y ∈ Σ̃, take any plane P of
signature (+,−) containing (x, y). In an affine chart, this plane is isometric
to
(
R× (−π/2, π/2), dt2 − cosh2(t)dθ

)
, where dt2 is the Lorentzian distance

on the space like geodesic (x, y). Now since Σ̃ is a Cauchy surface, the
intersection of P with Σ̃ is a graph over R, in particular the length ` =∫ dAdS(x,y)

0

√
1− cosh2(t)θ′(t)dt ≤ dAdS(x, y) of the curve from x to y in P ∩Σ̃

is smaller than dAdS(x, y). The Σ̃-distance between x and y is smaller than
` (since Σ̃ is Riemannian) hence smaller than dAdS(x, y).

We give a series of simple corollaries that we will use during the proof of
Theorem 6.5.

Corollary 6.9. For every ergodic µ,

Iµ(Σ) ≤ 1

Proof. Let v be a typical vector for µ we have

a(v, t)

t
=

d
Σ̃

(f(πφt(v)), f(πv))

dAdS(πφt(v), πv)

≤ 1 +
K

t

taking the limit concludes the proof.

Corollary 6.10. There exists K > 0 such that, for all p ∈ C(Λ) and all
ξ ∈ Λ, then f([p, ξ)) is at distance (d

Σ̃
) at most K of the unique geodesic on

Σ̃ from p to ξ.

Proof. Let ξ ∈ Λ and vp(ξ) be the unit-space like vector in T 1
pC(Λ) such

that limt→∞ φ
AdS
t (vp(ξ)) = ξ. Consider the curve c : R+ → Σ̃ defined by

c(t) := f(πφAdS
t (vp(ξ)). Then from Proposition 6.8, for all t, s ∈ R+ we have

|t− s|
K1

−K1 ≤ dΣ̃
(c(t), c(s)) ≤ |t− s|+K2.

Hence c is a quasi-geodesic. Thanks to Morse Lemma, since by hypothesis
Σ̃ is negatively curved, the quasi-geodesic c is at distance (d

Σ̃
) at most K of

a unique geodesic [Bal85]. This constant K depends only on Σ̃ and K1,K2,
in particular it does not depends on p and ξ.
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Corollary 6.11. For all R there exists R′ such that for all x ∈ C(Λ) :

BAdS(x,R) ∩ Σ̃ ⊂ B
Σ̃

(f(x), R′).

For all R there exists R′ such that for all x ∈ Σ̃ :

B
Σ̃

(x,R) ⊂ BAdS(x,R′).

Proof. We prove the first inclusion. Let y ∈ BAdS(x,R) ∩ Σ̃.

d
Σ̃

(f(x), y) = d
Σ̃

(f(x), f(y))

≤ dAdS(x, y) +K1

= R+K1

And we can choose any R′ larger than R+K1.

We prove the second inclusion. Let y ∈ B
Σ̃

(x,R) then

dAdS(x, y) ≤ K1dΣ̃
(f(x), f(y)) +K2

1

≤ k1R+K2
1 .

And we can choose any R′ larger than K1R+K2
1 .

We fix a point p ∈ C(Λ). Shadows in AdS are supposed to be centred in
p, shadows in Σ̃ are supposed to be centred in f(p).

Corollary 6.12. For all R there exists R′′ such that for all x ∈ C(Λ)

SAdS(x,R) ⊂ S
Σ̃

(f(x), R′′).

For all R there exists R′′ such that for all x ∈ Σ̃

S
Σ̃

(x,R) ⊂ SAdS(x,R′′).

Proof. We prove the first inclusion. Let ξ be in SAdS(x,R), then by definition
the AdS geodesic [p, ξ)AdS intersects BAdS(x,R). By Corollary 6.11, this
implies that

f([p, ξ)AdS) ∩B
Σ̃

(f(x), R′) 6= ∅.
Moreover by Corollary 6.10 this implies that the unique geodesic from f(p) to
ξ intersects B

Σ̃
(f(x), R′′). This means by definition that ξ ∈ S

Σ̃
(f(x), R′′).

We prove the second inclusion. Let ξ be in S
Σ̃

(x,R), then by definition
the Σ̃ geodesic [p, ξ)

Σ̃
intersects B

Σ̃
(x,R). Let [p, ξ)AdS be the AdS geodesic,

then by Corollary 6.10 f([p, ξ)AdS) is at bounded distance of [p, ξ)
Σ̃
, let

z ∈ [p, ξ)AdS such that d
Σ̃

(f(z), x) ≤ R+K. We then have

dAdS(z, x) ≤ K1dΣ̃
(f(z), f(x)) +K2

1

≤ K1(R+K) +K2
1

Then we can choose any R′′ larger than K1(R+K) +K2
1 .
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Corollary 6.13. There exists K > 0 such that for every v ∈ T 1AdS, t1, t2 >
0 we have

a(v, t1) + a(φAdS
t1 (v), t2) ≤ a(v, t1 + t2) +K

Proof. This is a consequence of 6.10. Let z1 be a point on the geodesic
[f(p), ξ)

Σ̃
such that d

Σ̃
(z1, f(πφAdS

t1 (v)) ≤ K. Let z2 be a point on the
geodesic [f(p), ξ)

Σ̃
such that d

Σ̃
(z2, f(πφAdS

t1+t2(v))) ≤ K. Then

a(v, t1) = d
Σ̃

(f(p), f(πφAdS
t1 (v))) ≤ d

Σ̃
(f(p), z1) +K

and

a(φAdS
t1 (v), t2) = d

Σ̃
(f(πφAdS

t1 (v)), f(πφAdS
t1+t2(v))) ≤ d

Σ̃
(z1, z2) + 2K.

Hence

a(v, t1) + a(φAdS
t1 (v), t2) ≤ d

Σ̃
(f(p), z1) +K + d

Σ̃
(z1, z2) + 2K

≤ d
Σ̃

(f(p), z2) + 3K

= a(v, t1 + t2) + 4K.

Corollary 6.14. For all R > 4K3
1 there exists ε > 0 such that for all subset

A ⊂ C(Λ), there exists a covering of A by AdS balls BAdS(xi, R), xi in A,
and such that B

Σ̃
(f(xi), ε) ∩BΣ̃

(f(xj), ε) = ∅ for all i 6= j.

Proof. Let A ⊂ BAdS(xi, R) be a covering such that dAdS(xi, xj) > R
for all i 6= j (to produce such a covering take by induction xn+1 ∈ A \
∪ni1BAdS(xi, R).) Let ε ∈ (0, R/4K1−K2

1 ). Let z ∈ B
Σ̃

(f(xi), ε)∩BΣ̃
(f(xj), ε).

Then by Proposition 6.8 we have

dAdS(xi, xj) ≤ K1dΣ̃
(f(xi), f(xj)) +K2

1

≤ 2εK1 +K2
1

≤ R/2

Hence xi = xj .

Lemma 6.15.

δ(Γ) = lim
R→∞

1

R
log Vol(BAdS3(o,R) ∩ C(Λ)).

Proof. It is a consequence of the cocompactness of the action on C(Λ). It
is sufficient to cover BAdS3(o,R)∩C(Λ) with translates of a compact funda-
mental domain and then taking the limit.
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Since the proof consists in comparing the Patterson-Sullivan measures on
Λ associated to AdS and to Σ̃ we will name these two measures νAdS and νΣ̃

respectively. Similarly, the two Gromov distances on Λ associated to AdS

and Σ̃ distances will be denoted by dAdS
p (·, ·) and dΣ̃

p (·, ·) for p ∈ C(Λ) or
p ∈ Σ̃ depending on the context.

Lemma 6.16. For all p ∈ AdS and for νAdS
p -a.e. ξ ∈ Λ,

lim
t→∞

a(vp(ξ), t)

t
= Im(Σ̃).

Proof. This is a consequence of the product structure of m. We iden-
tify N1C(Λ) with Λ(2) × R. Since a(v, t) is Γ invariant, we see that for
dνAdS
p (ξ)dνAdS

p (η)dt

dAdS
p (ξ,η)

a.e. (ξ, η, t) the limit lim
a(vp(ξ),t)

t exists and is equal to

Im(Σ̃). Here vp(ξ) is the vector directing (η, ξ), based on p. Clearly, if
a(vp(ξ),t)

t admits a limit then
a(φAdS

t0
vp(ξ),t)

t admits the same limit. Hence for
dµAdS
p (ξ)dµAdS

p (η)

dAdS
p (ξ,η)

a.e. (ξ, η) the limit lim a(v(ξ),t)
t exists and is equal to Im(Σ̃).

Here v(ξ) is any vector directing (η, ξ).

By Lemma 3.6 if v(ξ) ∈ (η, ξ) satisfies lim a(v(ξ),t)
t = Im(Σ̃) then v′(ξ) ∈

(η′, ξ) satisfies lim a(v′(ξ),t)
t = Im(Σ̃) for every η′ ∈ Λ \ ξ

Hence for νAdS
p -a.e. ξ ∈ Λ,

lim
t→∞

a(vp(ξ), t)

t
= Im(Σ̃).

Inequality case of Theorem 6.5. Choose p as in the previous lemma. For all
κ > 0 and T > 0 we define the set

AT,κp =

{
ξ ∈ Λ|

∣∣∣∣a(vp(ξ), t)

t
− Im(Σ)

∣∣∣∣ ≤ κ, t ≥ T
}
.

For all d ∈]0, 1[ and all κ > 0, there exists T > 0 such that νAdS
p (AT,κp ) ≥ d.

Let cp,ξ(t) = π(φAdS
t (vp(ξ))) be the geodesic of AdS. For t > T consider the

subset {cp,ξ(t)|ξ ∈ AT,κp } ⊂ S(p, t) of the Lorentzian sphere of radius t and
center p in AdS.

Choose a covering of this subset by balls BAdS(xi, R) with R sufficiently
large such that corollary 6.14 and the shadow lemma for νAdS

p apply. Then,
by the local behaviour of νAdS

p , there exists a constant c > 1 independent of
t such that

1

c
e−δt ≤ νp(SAdS(xi, R))) ≤ ce−δt.
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It is clear by definition that AT,εp ⊂ ∪i∈ISAdS(xi, R)) and therefore,

d ≤ νAdS
p (∪i∈ISAdS(xi, R))) ≤

∑
i∈I

νAdS
p (SAdS(xi, R))) ≤ cCard(I)e−δt. (7)

By the property of the covering of 6.14 the balls
{
B

Σ̃
(f(xi), ε)

}
i∈I are dis-

joint. Moreover d
Σ̃

(f(p), f(xi)) ≤ t(Im(Σ̃)+κ)) by definition of AT,κp . Hence
the ballsB

Σ̃
(f(p), t(Im(Σ̃)+κ)+ε) contains the disjoint union ti∈IBΣ̃

(f(xi), ε).
Let v := mini∈I VolBSt(f(xi), ε). Then

VolB
Σ̃

(f(p), t(Im(Σ̃) + κ) + ε) ≥ vCard(I). (8)

By equations 7 and 8, we have

eδt ≤ c

d
Card(I)

≤ c

vd
VolB

Σ̃
(f(p), t(Im(Σ̃) + κ) + ε)

We conclude using Lemma 6.15 since κ is arbitrary.

6.3 Proof of rigidity

We will need the following property of cocycle proved by G. Knieper.

Lemma 6.17. [Kni95] There exists a constant L such that for νAdS
p almost

all ξ ∈ Λ there is a sequence tn →∞ such that

|d
Σ̃

(f(p), f(πφAdS
tn vp(ξ)))− Im(Σ̃)tn| ≤ L.

As it is explained in [Kni95] it is a consequence of Corollary 6.13 that
for m a.e. v ∈ N1C(Λ)/Γ there is a subsequence tn such that |a(v, tn) −
Im(Σ̃)tn| ≤ L. As in Lemma 6.16 we pass from m a.e. v ∈ N1C(Λ)/Γ to
νAdS
p a.e. ξ ∈ Λ

Proposition 6.18. If there is equality in Eq.(6), then the Patterson Sullivan
measures associated to Σ̃ and AdS are equivalent.

Proof. Let ξ ∈ Λ be a generic point for νAdS
p and set yn := πφAdS

tn vp(ξ). From
the previous lemma we have

|d
Σ̃

(f(p), f(yn))− Im(Σ̃)tn| ≤ L. (9)

Let R be large enough for the shadow lemma hold in both Σ̃ and AdS.
According to 6.11 there exists R′, R′′ > R such that for all x ∈ Σ̃ we have :

SAdS(x,R) ⊂ S
Σ̃

(x,R′) ⊂ SAdS(x,R′′).
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Applying νAdS with x = f(yn) we get :

νAdS(SAdS(f(yn), R)) ≤ νAdS(S
Σ̃

(f(yn), R′)) ≤ νAdS(SAdS(f(yn), R′′)).

By the local behaviour of νAdS there exists c > 1 such that

1

c
e−δdAdS(f(p),f(yn)) ≤ νAdS(S

Σ̃
(f(yn), R′)) ≤ ce−δdAdS(f(p),f(yn)).

By the local behaviour of ν
Σ̃
there exists c2 > 1 such that

1

c2
e−h(Σ̃)d

Σ̃
(f(p)f(,yn)) ≤ ν

Σ̃
(S

Σ̃
(f(yn), R′)) ≤ c2e

−h(Σ̃)d
Σ̃

(f(p),f(yn)).

From equation 9, there exist c3 > 1 such that

1

c3
≤ e−h(Σ̃)d

Σ̃
(f(p)f(,yn))

e−δdAdS(f(p),f(yn))
≤ c3

Hence there exists c4 > 1 such that

1

c4
≤
νAdS(S

Σ̃
(f(yn), R′))

ν
Σ̃

(S
Σ̃

(f(yn), R′))
≤ c4.

Since S
Σ̃

(f(yn), R′))→n→∞ ξ, this concludes the proposition.

Proposition 6.19. If the Patterson-Sullivan measures νAdS and νΣ are
equivalent then the Gromov distances on Λ seen as ∂C(Λ) ∩ ∂AdS or ∂Σ̃
are Hölder équivalent.

Proof. Consider on Λ(2) the Bowen-Margulis currents defined by

µ
Σ̃

(ξ, η) =
dνp

Σ̃
(ξ)dνp

Σ̃
(η)

dΣ̃
p (ξ, η)2h

µAdS(ξ, η) =
dνpAdS(ξ)dνpAdS(η)

dAdS
p (ξ, η)2δ

.

By assumption νp
Σ̃

and νAdS
p are equivalent, therefore µ

Σ̃
and µAdS are

also equivalent. The ergodicity and the Γ-invariance implies the existence of
c > 0 such that

µ
Σ̃

= cµAdS.

Since νΣ̃
p and νAdS

p are equivalent there exists a function u : Λ → R+

such that νΣ̃
p (ξ) = u(ξ)νAdS

p (ξ). We have

u(ξ)u(η)dAdS
p (ξ, η)δ = cdΣ̃

p (ξ, η)h.
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We see that u is equal almost everywhere to a continuous function. We
can therefore suppose that u is continuous on Λ hence strictly positive. By
compacity, there exists C > 1 such that 1

C ≤ u(ξ) ≤ C. Finally we get what
we stated

c

C2
dΣ̃
p (ξ, η)h ≤ dAdS

p (ξ, η)δ ≤ C2cdΣ̃
p (ξ, η)h.

Proposition 6.20. If the two Gromov distances coming from the distance
on Σ̃ and on C(Λ) are Hölder equivalent then the marked length spectra of
M = E(Λ)/Γ and Σ̃/Γ are proportional.

Proof. Let g ∈ Γ and ξ ∈ Λ \ {g±}.Then

[g−, g+, g(ξ), ξ]AdS = e`AdS(g)

and
[g−, g+, g(ξ), ξ]Σ = e`Σ(g)

By assumption on the Gromov distances d
Σ̃
, dAdS and from the definition of

the cross ratio, Eq. (1), there exists C > 1 such that for all g ∈ Γ we have

1

C
er`AdS(g) ≤ e`Σ(g) ≤ Cer`AdS(g).

In particular when we look at the power gn of g, taking the log, we get for
all n > 0 and all g ∈ Γ :

− log(C) + rn`AdS(g) ≤ n`Σ(g) ≤ log(C) + rn`AdS(g).

We finish the proof by dividing by n and taking the limit :

`Σ(g) = r`AdS(g).

Putting everything together we obtain the equivalent of Bowen’s Theo-
rem for AdS quasi-Fuchsian manifolds

Corollary 6.21. δ(Γ) ≤ 1 with equality if and only if Γ is Fuchsian.

Proof. The boundary of the convex core is isometric to H2 hence its volume
entropy is 1. Applying Theorem 6.5 and Proposition 6.9, to these surfaces
we have δ ≤ 1 with equality if and only if the boundary of the convex core
has the same length spectrum as M = E(Λ)/Γ. Let M be parametrized in
the Mess’ parametrization by S1 and S2. Recall that for a homotopy class
of closed curved c, the geodesic length of c in M is `Lor(c) = `1(c)+`2(c)

2 see
[Glo15a]. Then, corollary 6.21 is a consequence of the following hyperbolic
geometry result showing that S1 = S2.
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Lemma 6.22. Let S1, S2, S3 be three hyperbolic surfaces. Let `j be their
corresponding length functions. If for all closed homotopy classes of closed
curves c we have `1(c) + `2(c) = 2`3(c) then S1 = S2 (= S3).

Proof. Recall from Bonahon, that the function `j extends continuously on
the set of geodesic currents. They are the restriction of the intersection
function with the Liouville current Lj : for all c ∈ C we have `j(c) = i(c, Lj),
[Bon88, Proposition 14]. Moreover, the set of closed geodesics is dense in
the set of currents [Bon88, Proposition 2]. Hence by applying to L3 the
condition on the length functions we get

i(L1, L3) + i(L2, L3) = 2i(L3, L3).

Here again, we use Bonahon result saying that for any two Liouville currents
L,L′ we have i(L,L′) ≥ i(L,L) with equality iff L = L′, [Bon88, Theorem
19]. It implies that L1 = L3 and L2 = L3. By Bonahon’s [Bon88, Lemma 9]
we have

S1 = S2 = S3.

7 Appendix

The proof of ergodicity of a conformal density νx uses the existence of
Lebesgue density points. The proof of Lebesgue differentiating Theorem fol-
lows from classical analysis once one has a Hardy-Littlewood’s type inequal-
ity for maximal function over the subsets of shadows. The latter inequality
follows from Vitali’s covering lemma.

Lemma 7.1 (Vitali). Let G ⊂ Γ. Consider the union ∪g∈GSR(x, gx), there
exists a subset G′ ⊂ G such that

• SR(x, g′x) are pairwise disjoint for g′ ∈ G′.

• ∪g∈GSR(x, gx) ∩ Λ ⊂ ∪g′∈G′S5R+5k(x, g
′x).

Proof. Let G = {gi}i∈N be such that d(x, gix) ≤ d(x, gi+1x). Define by
induction i0 = 0 and

ik+1 = min{i > ik | SR(x, gix) ∩ ∪j≤kSR(x, gijx) = ∅}.

If ik < i < ik+1 for some k, then SR(x, gix) ∩ SR(x, gijx) 6= ∅ for a j ≤ k.
Hence there is a geodesic ray from x which crosses B(gijx,R) and B(gix,R).
We call ξ1 ∈ ∂AdS the limit point of this geodesic ray. Let ξ2 ∈ AdS be
another element of SR(x, gix). We parametrize [x, ξ1) and [x, ξ2) by

f1(t) = cosh(t)x+ sinh(t) (ξ1 − x) .
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f2(t′) = cosh(t′)x+ sinh(t′) (ξ2 − x) .

The distance between f1(t) and the ray [x, ξ2) is given by d(f1(t), [x, ξ2)) =
inft′>0 d(f1(t), f2(t′)). By an explicit computation, we find

|〈f1(t) | f2(t′)〉| = |et′A(t) + e−t
′
B(t)|

where A(t) =
(
〈x | ξ2〉 e

−t

2 + 〈x | ξ1〉 sinh(t) + 〈ξ1 | ξ2〉 sinh(t)
2

)
and B(t) =

(
−e−t − 〈x | ξ2〉 e

−t

2 + 〈x | ξ1〉 sinh(t)− 〈ξ1 | ξ2〉 sinh(t)
2

)
.

Depending on the sign of 〈x | ξ1〉+ 〈ξ1 | ξ2〉2 , the function t′ → |〈f1(t) | f2(t′)〉|
is bounded or increasing for t sufficiently large. This implies that the distance
is bounded or increasing.

Let f1(ti) = zi and f1(tij ) = zij be two points on [x, ξ1) such that
zi ∈ B(gi, R) and zij ∈ B(gij , R).

Suppose first that tij < ti. Let z2
i be a point in [x, ξ2) such that

d(z2
i , gix) ≤ R. This implies that d(z2

i , zi) ≤ d(z2
i , gix) + d(gix, zi) + k ≤

2R + k. Then by the previous analysis there exists z2
ij

on [x, ξ2) such that
d(z2

ij
, zij ) ≤ 2R+ k. We then have

d(gijx, [x, ξ2)) ≤ d(gijx, z
2
ij )

≤ d(gijx, zij ) + d(z2
ij , zij ) + k

≤ 3R+ 2k.

In other words
SR(x, gix) ⊂ S3R+2k(x, gijx).

Suppose now that tij ≥ ti. Since f1(ti) = zi and f1(tij ) = zij are on the
same space like geodesic we have

d(zij , zi) = d(x, zij )− d(x, zi). (10)

Moreover {
d(x, zij ) ≤ d(x, gijx) + d(gijx, zij ) + k
d(x, gix) ≤ d(x, zi) + d(zi, , gix) + k{

d(x, zij ) ≤ d(x, gijx) +R+ k
−d(x, zi) ≤ −d(x, gix) +R+ k

Then (10) becomes

d(zij , zi) ≤ d(x, zij )− d(x, zi) + 2R+ 2k ≤ 2R+ 2k

as d(x, zij ) ≤ d(x, zi).
We finally have for all z ∈ B(gix,R)

d(z, gijx) ≤ d(z, gix) + d(gix, zi) + d(zi, zij ) + d(zij , gijx) + 3k

≤ 5R+ 5k
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Or in other words :

SR(x, gix) ⊂ S5R+5k(x, gijx).

Let φ ∈ L1(νx) and define the maximal function associated to φ by

φ∗(ξ) = lim
t→∞

sup
1

νx(SR(x, γx))

∫
νx(SR(x,γx)

φdνx

where the sup is taken over all the γ ∈ Γ such that d(γx, x) ≥ t and ξ ∈
SR(x, γx).

Lemma 7.2 (Hardy-Littlewood inequality). There exist C > 0 such that for
all φ and all ε > 0

νx({φ∗ > ε}) ≤ C

ε
‖φ‖ν0 .

Proof. Fix ε > 0. We have by definition of the maximal function a subset
G ∈ Γ such that

{φ∗ > ε} ⊂ ∪g∈GSR(x, gx)

and
1

νx(SR(x, gx))

∫
νx(SR(x,gx)

φdνx > ε.

By Vitalli’s covering Lemma, there is G′ ⊂ G such that SR(x, g′x) are pair-
wise disjoint for g′ ∈ G′ and {φ∗ > ε} ⊂ ∪g′∈G′S5R+5k(x, g

′x). Choose R big
enough, such that Shadow Lemma Theorem 1.2 applies. There exist C such
that

νx(S5R+5k(x, g
′x)) ≤ Cνx(SR(x, g′x))

where C is independent of γ and φ. We finally have

νx({φ∗ > ε}) ≤
∑
g∈G′

νx(S5R+5k(x, g
′x))

≤ C
∑
g∈G′

νx(SR(x, g′x))

≤ C

ε

∑
g′∈G′

∫
νx(SR(x,gx)

φdνx

≤ C

ε

∫
Λ
|φ|dνx

By a usual argument of density of continuous function in L1(νx) we have
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Lemma 7.3 (Lebesgue differentiating theorem). For R sufficiently large we
have for all f ∈ L1(νx)

lim
n→∞

1

νx(SR(x, gnx))

∫
SR(x,gnx)

fdνx = f(ξ),

as d(x, gnx)→∞ and ξ ∈ SR(x, gnx).
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